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Chapter 1

Linear Equations in Linear
Algebra

R code Exa 1.1 1

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Gauss ian E l im i n a t i o n
3 #Page No . 1 5 / 1−3
4 #Prob 1
5 #1 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ p e r f o rm ing Gauss ian e l im i n a t i o n ’ )
14 av<-c(1,5,-2,-7)

15 a=matrix(av,

16 nrow=2,

17 ncol=2,

18 byrow=TRUE)

19 print( ’ the co− e f f i c i e n t matr ix i s : ’ )
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20 print(a)

21 bv<-c(7,-5)

22 b=matrix(

23 bv ,

24 nrow=2,

25 ncol=1,

26 byrow=TRUE)

27 cm=cbind(a,b)

28 print( ’ the augmented matr ix i s : ’ )
29 print(cm)

30 print( ’R2=R2+2*R1 ’ )
31 cm[2,]=cm[2,]+2*cm[1,]

32 print(cm)

33 print( ’R2=(1/ 3) *R2 ’ )
34 cm[2 ,]=(1/3)*cm[2,]

35 print(cm)

36 print( ’R1=R1−5*R2 ’ )
37 cm[1,]=cm[1,]-5*cm[2,]

38 print(cm)

39 x1=cm[1,3]/cm[1,1]

40 x2=cm[2,3]/cm[2,2]

41 cat( ’ the s o l u t i o n i s : x1 = ’ ,x1 , ’ x2 = ’ ,x2)

R code Exa 1.2 2

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Gauss ian E l im i n a t i o n S i n g u l a r c a s e
3 #Page No . 1 5 / 1−3
4 #Prob 7
5 #1 . 1 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
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11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s : ’ )
14 av<-c(1,7,3,-4,0,1,-1,3,0,0,0,1,0,0,1,-2)

15 a=matrix(

16 av ,

17 nrow=4,

18 ncol=4,

19 byrow=TRUE)

20 print(a)

21 print( ’ i n t e r c h an g e R3 and R4 ’ )
22 a[c(3,4) ,]=a[c(4,3) ,]

23 print(a)

24 print( ’ from R4 we ge t 0=1 ’ )
25 print( ’ hence , no s o l u t i o n ’ )

R code Exa 1.3 3

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Gauss ian E l im i n a t i o n with row exchange
3 #Page No . 1 5 / 1−3
4 #Prob 13
5 #1 . 1 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s ’ )
14 av<-c(1,0,-3,8,2,2,9,7,0,1,5,-2)

15 a=matrix(

16 av ,

17 nrow=3,

11



18 ncol=4,

19 byrow=TRUE)

20 print(a)

21 print( ’R2=R2−2*R1 ’ )
22 a[2,]=a[2,]-2*a[1,]

23 print(a)

24 print( ’ i n t e r c h an g e R2 and R3 ’ )
25 a[c(2,3) ,]=a[c(3,2) ,]

26 print(a)

27 print( ’R3=R3−2*R2 ’ )
28 a[3,]=a[3,]-2*a[2,]

29 print(a)

30 print( ’R3=(1/ 5) *R3 ’ )
31 a[3 ,]=(1/5)*a[3,]

32 print(a)

33 print( ’R2=R2−5*R3 and R1=R1+3*R3 ’ )
34 a[2,]=a[2,]-5*a[3,]

35 a[1,]=a[1 ,]+3*a[3,]

36 print(a)

37 s=matrix(

38 c(a[1,4],a[2,4],a[3 ,4]),

39 nrow=3,

40 ncol=1,

41 byrow=TRUE)

42 print( ’ s o l u t i o n i s ’ )
43 print(s)

R code Exa 1.4 4

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Cond i t i on f o r a s o l u t i o n to e x i s t
3 #Page No . 1 6 / 1−4
4 #Prob 19
5 #1 . 1 . 1 9
6
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7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix f o r h=2 ’ )
14 av<-c(1,2,4,3,6,8)

15 a=matrix(av,

16 nrow=2,

17 ncol=3,

18 byrow=TRUE)

19 print(a)

20 print( ’R2−2*R1 ’ )
21 a[2,]=a[2,]-3*a[1,]

22 print(a)

23 print( ’ from R3 we ge t 0=−4 ’ )
24 print( ’ hence , i f h=2 no s o l u t i o n , e l s e s o l u t i o n

e x i s t s ’ )

R code Exa 1.5 5

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Con s i s t e n t System
3 #Page No . 1 6 / 1−4
4 #Prob 25
5 #1 . 1 . 2 5
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the co− e f f i c i e n t matr ix i s : ’ )
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14 av<-c(1,-4,7,0,3,-5,-2,5,-9)

15 a=matrix(av,

16 nrow = 3,

17 ncol = 3,

18 byrow = TRUE)

19 print(a)

20 print( ’ l e t g , h , k be the c o n s t a n t s on RHS ’ )
21 print( ’R3=R3+2*R1 ’ )
22 a[3,]=a[3 ,]+2*a[1,]

23 print(a)

24 print( ’ the c o n s t a n t s on RHS ar e : g , h , k+2g ’ )
25 print( ’R3=R3+R2 ’ )
26 a[3,]=a[3,]+a[2,]

27 print(a)

28 print( ’ the c o n s t a n t s on RHS ar e : g , h , k+2g+h ’ )
29 print( ’ f o r s o l u t i o n to e x i s t ’ )
30 print( ’ from R3 : k+2g+h=0 ’ )

R code Exa 1.6 6

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Genera l s o l u t i o n o f the system
3 #Page No . 2 0 / 1−8
4 #Prob 7
5 #1 . 2 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s ’ )
14 av<-c(1,3,4,7,3,9,7,6)

15 a=matrix(av,

14



16 nrow = 2,

17 ncol=4,

18 byrow=TRUE)

19 print(a)

20 print( ’R2=R2−3*R1 ’ )
21 a[2,]=a[2,]-3*a[1,]

22 print(a)

23 print( ’ (−1/ 5) *R2 ’ )
24 a[2,]=(-1/5)*a[2,]

25 print(a)

26 print( ’R1=R1−4*R2 ’ )
27 a[1,]=a[1,]-4*a[2,]

28 print( ’ the row reduced form i s : ’ )
29 print(a)

30 print( ’ c o r r e s p ond i n g e qua t i o n s a r e ’ )
31 print( ’ x1+3*x2=−5 and x3=3 ’ )
32 print( ’ f r e e v a r i a b l e s : x2 ’ )
33 print( ’ g e n e r a l s o l u t i o n i s : ’ )
34 print( ’ x1=−5−3*x2 , x2 , x3=3 ’ )

R code Exa 1.7 7

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Genera l s o l u t i o n o f the system
3 #Page No . 2 0 / 1−8
4 #Prob 13
5 #1 . 2 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s ’ )

15



14 av<-c

(1,-3,0,-1,0,-2,0,1,0,0,-4,1,0,0,0,1,9,4,0,0,0,0,0,0)

15 a=matrix(av,

16 nrow=4,

17 ncol=6,

18 byrow=TRUE)

19 print(a)

20 print( ’R1=R1+R3 ’ )
21 a[1,]=a[1,]+a[3,]

22 print(a)

23 print( ’R1=R1+3*R2 ’ )
24 a[1,]=a[1 ,]+3*a[2,]

25 print(a)

26 print( ’ c o r r e s p ond i n g e qua t i o n s a r e : ’ )
27 print( ’ x1−3*x5=5 , x2−4*x5=1 , x4+9*x5=4 , and 0=0 ’ )
28 print( ’ f r e e v a r i a b l e s : x3 , x5 ’ )
29 print( ’ g e n e r a l s o l u t i o n i s : ’ )
30 print( ’ x1=5+3*x5 , x2=1+4*x5 , x3 , x4=4−9*x5 , x5 ’ )

R code Exa 1.8 8

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r Combination o f two v e c t o r s
3 #Page No . 2 3 / 1−11
4 #Prob 1
5 #1 . 3 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 uv<-c(-1,2)

16



14 u=matrix(uv,

15 nrow=2,

16 ncol=1,

17 byrow=TRUE)

18 print( ’ u= ’ )
19 print(u)

20 vv<-c(-3,-1)

21 v=matrix(vv,

22 nrow=2,

23 ncol=1,

24 byrow=TRUE)

25 print( ’ v= ’ )
26 print(v)

27 a=u+v

28 print( ’ u+v= ’ )
29 print(a)

30 s=u-2*v

31 print( ’ u−2v= ’ )
32 print(s)

R code Exa 1.9 9

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Dete rmina t i on o f L in ea r Combination
3 #Page No . 2 5 / 1−13
4 #Prob 13
5 #1 . 3 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(1,-4,2,3,0,3,5,-7,-2,8,-4,-3)

17



14

15 a=matrix(

16 av ,

17 nrow=3,

18 ncol=4,

19 byrow=TRUE

20 )

21

22 print( ’ the augmented matr ix i s : ’ )
23 print(a)

24

25 #Row reduce the augmented matr ix to r ea ch e ch e l on
form

26 print( ’R3=R3+2*R1 ’ )
27 a[3,]=a[3 ,]+2*a[1,]

28 print(a)

29 print( ’ The system f o r the augmented matr ix i s
i n c o n s i s t e n t , so b i s not a l i n e a r combinat ion o f
the columns o f A ’ )

R code Exa 1.10 10

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Determine i f b i s i n W
3 #Page No . 2 5 / 1−13
4 #Prob 25
5 #1 . 3 . 2 5
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(1,0,-4,4,0,3,-2,1,-2,6,3,-4)

18



14

15 a=matrix(

16 av ,

17 nrow=3,

18 ncol=4,

19 byrow=TRUE

20 )

21

22 print( ’ the augmented matr ix i s : ’ )
23 print(a)

24

25 print( ’R3=R3+2*R1 ’ )
26 a[3,]=a[3 ,]+2*a[1,]

27 print(a)

28 print( ’R3=R3−2*R2 ’ )
29 a[3,]=a[3,]-2*a[2,]

30 print(a)

R code Exa 1.11 11

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #App l i c a t i o n s o f Gauss ian E l im i n a t i o n
3 #Page No . 2 6 / 1−14
4 #Prob 31
5 #1 . 3 . 3 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ 1 gram at ( 0 , 1 ) , 1 gram at ( 8 , 1 ) and 1 gram
at ( 2 , 4 ) ’ )

14 m1v <-c(0,1)

19



15 m2v <-c(8,1)

16 m3v <-c(2,4)

17 m1=matrix(m1v ,

18 nrow=2,

19 ncol=1,

20 byrow=TRUE)

21 m2=matrix(m2v ,

22 nrow=2,

23 ncol=1,

24 byrow=TRUE)

25 m3=matrix(m3v ,

26 nrow=2,

27 ncol=1,

28 byrow=TRUE)

29 cm=(1/3)*(1*m1+1*m2+1*m3)

30 print( ’ c e n t r e o f mass i s at ’ )
31 print(cm)

32 print( ’ the new we ight o f the system=9 grams ’ )
33 print( ’ new c e n t r e o f mass i s a t ’ )
34 sv<-c(2,2)

35 s=matrix(

36 sv ,

37 nrow=2,

38 ncol=1,

39 byrow=TRUE

40 )

41 print(s)

42 print( ’ l e t w1 , w2 and w3 be the we i gh t s added at
( 0 , 1 ) , ( 8 , 1 ) and ( 2 , 4 ) r e s p e c t i v e l y ’ )

43 print( ’ hence , w1+w2+w3=6 ’ )
44 print( ’ u s i n g the fo rmu la f o r the c e n t r e o f mass , we

ge t ’ )
45 print( ’ 8*w2+2*w3=8 and w1+w2+4*w3=12 ’ )
46 av<-c(1,1,1,6,0,8,2,8,1,1,4,12)

47 a=matrix(

48 av ,

49 nrow=3,

50 ncol=4,

20



51 byrow=TRUE

52 )

53 print( ’ the augmented matr ix i s : ’ )
54 print(a)

55 print( ’R3=R3−R1 ’ )
56 a[3,]=a[3,]-a[1,]

57 print(a)

58 print( ’R3=(1/ 3) *R3 ’ )
59 a[3 ,]=(1/3)*a[3,]

60 print(a)

61 print( ’R2=R2−2*R3 and R1=R1−R3 ’ )
62 a[2,]=a[2,]-2*a[3,]

63 a[1,]=a[1,]-a[3,]

64 print(a)

65 print( ’R1=R1−(1/ 8) *R2 ’ )
66 a[1,]=a[1,]-(1/8)*a[2,]

67 print(a)

68 print( ’R2=(1/ 8) *R2 ’ )
69 a[2 ,]=(1/8)*a[2,]

70 print(a)

71 cat(sprintf( ’Add %.1 f grams at ( 0 , 1 ) , %.1 f grams at
( 8 , 1 ) and %d grams at ( 2 , 4 ) ’ ,a[1,4],a[2,4],a
[3 ,4]) )

R code Exa 1.12 12

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Vecto r s as columns o f a matr ix
3 #Page No . 2 8 / 1−16
4 #Prob 7
5 #1 . 4 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9
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10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the t h r e e v e c t o r s a r e : ’ )
14 uv<-c(4,-1,7,-4)

15 vv<-c(-5,3,-5,1)

16 wv<-c(7,-8,0,2)

17 u<-matrix(uv ,

18 nrow=4,

19 ncol=1,

20 byrow=TRUE)

21 v<-matrix(vv ,

22 nrow=4,

23 ncol=1,

24 byrow=TRUE)

25 w<-matrix(wv ,

26 nrow=4,

27 ncol=1,

28 byrow=TRUE)

29

30 print(u)

31 print(v)

32 print(w)

33 print( ’ u v and w form the columns o f A ’ )
34 A=cbind(u,v,w)

35 print(A)

36 print( ’ the augmented matr ix i s : ’ )
37 nmv <-c(6,-8,0,-7)

38 nm<-matrix(nmv ,

39 nrow=4,

40 ncol=1,

41 byrow=TRUE)

42 c=cbind(A,nmv)

43 print(c)

22



R code Exa 1.13 13

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Span o f v e c t o r s
3 #Page No . 2 9 / 1−17
4 #Prob 13
5 #1 . 4 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s : ’ )
14 av<-c(3,-5,0,-2,6,4,1,1,4)

15 a=matrix(

16 av ,

17 nrow=3,

18 ncol=3,

19 byrow=TRUE

20 )

21

22 print(a)

23 print( ’ i n t e r c h an g e R1 and R3 ’ )
24 a[c(1,3) ,]=a[c(3,1) ,]

25 print(a)

26 print( ’R2=R2+2*R1 and R3=R3−3*R1 ’ )
27 a[2,]=a[2 ,]+2*a[1,]

28 a[3,]=a[3,]-3*a[1,]

29 print(a)

30 print( ’R3=R3+R2 ’ )
31 a[3,]=a[3,]+a[2,]

32 print(a)

33 print( ’ from the e n t r i e s o f l a s t row , the system i s
c o n s i s t e n t ’ )

34 print( ’ hence , u i s i n the p l ane spanned by the
columns o f a ’ )

23



R code Exa 1.14 14

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Free and p i v o t v a r i a b l e s
3 #Page No . 3 3 / 1−21
4 #Prob 1
5 #1 . 5 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s : ’ )
14 av<-c(2,-5,8,0,-2,-7,1,0,4,2,7,0)

15 a=matrix(av,

16 nrow=3,

17 ncol=4,

18 byrow=TRUE)

19 print(a)

20 print( ’R2=R2+2*R1 and R3=R3−2*R1 ’ )
21 a[2,]=a[2,]+a[1,]

22 a[3,]=a[3,]-2*a[1,]

23 print(a)

24 print( ’R3=R3+R2 ’ )
25 a[3,]=a[3,]+a[2,]

26 print(a)

27 print( ’ on ly two columns have non z e r o p i v o t s ’ )
28 print( ’ hence , one column i s a f r e e column and

t h e r e f o r e t h e r e e x i s t s a non t r i v i a l s o l u t i o n ’ )

24



R code Exa 1.15 15

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Genera l s o l u t i o n o f the system
3 #Page No . 3 4 / 1−22
4 #Prob 7
5 #1 . 5 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s : ’ )
14 av<-c(1,3,-3,7,0,0,1,-4,5,0)

15 a=matrix(av,

16 nrow=2,

17 ncol=5,

18 byrow=TRUE)

19 print(a)

20 print( ’R1=R1−3*R2 ’ )
21 a[1,]=a[1,]-3*a[2,]

22 print(a)

23 print( ’ b a s i c v a r i a b l e s : x1 x2 ’ )
24 print( ’ f r e e v a r i a b l e s : x3 x4 ’ )
25 print( ’ x1=−9*x3+8*x4 ’ )
26 print( ’ x2=4*x3−5*x4 ’ )
27 print( ’ hence , s o l u t i o n i s ’ )
28 print( ’ [−9*x3+8*x4 4*x3−5*x4 x3 x4 ] ’ )
29 uv<-c(-9,4,1,0)

30 vv<-c(8,-5,0,1)

31 u=matrix(uv,

32 nrow=4,

33 ncol=1,

34 byrow=TRUE

35 )

36 v=matrix(vv,
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37 nrow=4,

38 ncol=1,

39 byrow=TRUE

40 )

41 print( ’ The s o l u t i o n s e t i s the same as Span{u , v} ’ )
42 print( ’ u= ’ )
43 print(u)

44 print( ’ v= ’ )
45 print(v)

R code Exa 1.16 16

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Genera l s o l u t i o n o f the system
3 #Page No . 3 4 / 1−22
4 #Prob 11
5 #1 . 5 . 1 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s ’ )
14 av<-c

(1,-4,-2,0,3,-5,0,0,0,1,0,0,-1,0,0,0,0,0,-1,4,0,0,0,0,0,0,0,0)

15 a=matrix(av,

16 nrow=4,

17 ncol=7,

18 byrow=TRUE)

19 print(a)

20 print( ’R1=R1−3*R3 ’ )
21 a[1,]=a[1,]-3*a[3,]

26



22 print(a)

23 print( ’R1=R1+2*R2 ’ )
24 a[1,]=a[1 ,]+2*a[2,]

25 print(a)

26 print( ’ the f r e e v a r i a b l e s a r e : x2 , x4 and x6 ’ )
27 print( ’ the b a s i c v a r i a b l e s a r e : x1 , x3 and x5 ’ )
28 print( ’ the s o l u t i o n i s : ’ )
29 print( ’ [ 4 *x2−5*x6 x2 x6 x4 4*x6 x6 ] ’ )

R code Exa 1.17 17

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Genera l s o l u t i o n o f the system
3 #Page No . 3 5 / 1−23
4 #Prob 13
5 #1 . 5 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 xv<-c(5,-2,0)

14 x=matrix(xv,

15 nrow=3,

16 ncol=1,

17 byrow=TRUE)

18 x1v <-c(4,-7,1)

19 x1=matrix(x1v ,

20 nrow=3,

21 ncol=1,

22 byrow=TRUE)

23 print(x)

24 print(x1)

27



25 print( ’=p+x3*q ’ )
26 cat( ’ g e om e t r i c a l l y the s o l u t i o n s e t i s the l i n e

through [ ’ , x , ’ ] p a r a l l e l to [ ’ ,x1 , ’ ] ’ )

R code Exa 1.18 18

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Economic Equ i l i b r i um
3 #Page No . 3 8 / 1−26
4 #Prob 1
5 #1 . 6 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(0.8,-0.7,0,-0.8,0.7,0)

14 a=matrix(av,

15 nrow=2,

16 ncol=3,

17 byrow=TRUE)

18 print( ’ the augmented matr ix i s ’ )
19 print(a)

20

21 #row reduce augmented matr ix
22 a[2,]=a[2,]+a[1,]

23 print(a)

24 a=a*1.25

25 print(a)

26

27 print( ’ r a t i o o f p r i c e s i s pg=0.875 ps ’ )
28 print( ’ one e q u i l i b r i um s o l u t i o n i s ps=1000 and pg

=875 ’ )

28



29 print( ’ economic e q u i l i b r i um i s u n a f f e c t e d by a
p r o p o r t i o n a l change i n p r i c e s ’ )

R code Exa 1.19 19

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Balanced Equat ion
3 #Page No . 3 9 / 1−27
4 #Prob 7
5 #1 . 6 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 nahcov <-c(1,1,1,3)

14 hchov <-c(0,8,6,7)

15 nachov <-c(3,5,6,7)

16 hov <-c(0,2,0,1)

17 cov <-c(0,0,1,2)

18

19 nahco=matrix(nahcov ,

20 nrow=4,

21 ncol=1,

22 byrow=TRUE)

23 hcho=matrix(hchov ,

24 nrow=4,

25 ncol=1,

26 byrow=TRUE)

27 nacho=matrix(nachov ,

28 nrow=4,

29 ncol=1,

30 byrow=TRUE)

29



31 ho=matrix(hov ,

32 nrow=4,

33 ncol=1,

34 byrow=TRUE)

35 co=matrix(cov ,

36 nrow=4,

37 ncol=1,

38 byrow=TRUE)

39

40 print( ’ nahco3 ’ )
41 print(nahco)

42 print( ’ h3c6h5o7 ’ )
43 print(hcho)

44 print( ’ na3c6h5o7 ’ )
45 print(nacho)

46 print( ’ h2o ’ )
47 print(ho)

48 print( ’ co2 ’ )
49 print(co)

50 zm= matrix(0, nrow = 4, ncol = 1)

51 av=cbind(nahco ,hcho ,nacho ,ho,co,zm)

52

53 print( ’ augmented matr ix ’ )
54 av[,3]=av[,3]*-1

55 av[,4]=av[,4]*-1

56 av[,5]=av[,5]*-1

57 print(av)

58

59 amrv <-c(1,0,0,0,-1,0,0,1,0,0,-1/3,0,0,0,1,0,-1/

3,0,0,0,0,1,-1,0)

60 amr=matrix(amrv ,

61 nrow=4,

62 ncol=6,

63 byrow=TRUE)

64 print( ’ r educed augmented matr ix ’ )
65 print(amr)

66 print( ’ the g e n e r a l s o l u t i o n i s : ’ )
67 print( ’ x1=x5 ’ )

30



68 print( ’ x2=(1/ 3) *x5 ’ )
69 print( ’ x3=(1/ 3) *x5 ’ )
70 print( ’ x4=x5 ’ )
71 print( ’ x5 i s f r e e ’ )
72 print( ’ i f x5=3 , then ’ )
73 print( ’ x1=x4=3 ’ )
74 print( ’ x2=x3=1 ’ )
75 print( ’ the ba l anced equa t i on i s : ’ )
76 print( ’ 3NaHCO3+H3C6H5O7 −> Na3C6H5O7+3H20+3C02 ’ )

R code Exa 1.20 20

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #I n t e r s e c t i o n Equat ions
3 #Page No . 4 0 / 1−28
4 #Prob 13
5 #1 . 6 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av1 <-c

(1,-1,0,0,0,0,-50,0,1,-1,1,-1,0,0,0,0,0,0,1,-1,60,0,0,0,1,0,-1,50,1,0,-1,0,0,0,-40)

14 a1=matrix(av1 ,

15 nrow=5,

16 ncol=7,

17 byrow=TRUE)

18 print(a1)

19 av2 <-c

(1,-1,0,0,0,0,-50,0,1,-1,1,-1,0,0,0,0,0,1,0,-1,50,0,0,0,0,1,-1,60,0,0,0,0,0,0,0)
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20 a2=matrix(av2 ,

21 nrow=5,

22 ncol=7,

23 byrow=TRUE)

24 print( ’ . . by r e du c t i o n ’ )
25 print(a2)

26 av3 <-c

(1,0,-1,0,0,0,-40,0,1,-1,0,0,0,10,0,0,0,1,0,-1,50,0,0,0,0,1,-1,60,0,0,0,0,0,0,0)

27 a3=matrix(av3 ,

28 nrow=5,

29 ncol=7,

30 byrow=TRUE)

31 print( ’ . . by r e du c t i o n ’ )
32 print(a3)

33 print( ’ part−a ’ )
34 print( ’ the g e n e r a l s o l u t i o n i s : ’ )
35 print( ’ x1=x3−40 ’ )
36 print( ’ x2=x3+10 ’ )
37 print( ’ x3 i s f r e e ’ )
38 print( ’ x4=x6+50 ’ )
39 print( ’ x5=x6+60 ’ )
40 print( ’ x6 i s f r e e ’ )
41 print( ’ part−b ’ )
42 print( ’ x3>=40 ’ )
43 print( ’ x2>=50 ’ )
44 print( ’ x4>=50 ’ )
45 print( ’ x5>=60 ’ )
46 print( ’ the minimum f l ow s a r e : ’ )
47 print( ’ x2=50 ’ )
48 print( ’ x3=40 ’ )
49 print( ’ x4=50 ’ )
50 print( ’ x5=60 ’ )

R code Exa 1.21 21
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1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r independence o f v e c t o r s
3 #Page No . 4 2 / 1−30
4 #Prob 1
5 #1 . 7 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en v e c t o r s u , v and w ar e ’ )
14 uv<-c(5,0,0)

15 um=matrix(uv ,

16 nrow=1,

17 ncol=3,

18 byrow=TRUE)

19 u=t(um)

20 print(u)

21 vv<-c(7,2,-6)

22 vm=matrix(vv ,

23 nrow=1,

24 ncol=3,

25 byrow=TRUE)

26 v=t(vm)

27 print(v)

28 wv<-c(9,4,-8)

29 wm=matrix(wv ,

30 nrow=1,

31 ncol=3,

32 byrow=TRUE)

33 w=t(wm)

34 print(w)

35 print( ’ the augmented matr ix i s ’ )
36 av<-c(5,7,9,0,0,2,4,0,0,-6,-8,0)

37 a=matrix(av,

38 nrow=3,
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39 ncol=4,

40 byrow=TRUE)

41 print(a)

42 print( ’R3=R3+3*R2 ’ )
43 a[3,]=a[3 ,]+3*a[2,]

44 print(a)

45 print( ’ t h e r e a r e no f r e e v a r i a b l e s ’ )
46 print( ’ hence , the homogeneous equa t i on has on ly

t r i v i a l s o l u t i o n and the v e c t o r s a r e l i n e a r l y
independent ’ )

R code Exa 1.22 22

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r dependence o f v e c t o r s
3 #Page No . 4 3 / 1−31
4 #Prob 7
5 #1 . 7 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the augmented matr ix i s ’ )
14 Av1 <-c(1,4,-3,0,0,-2,7,5,1,0,-4,-5,7,-5,0)

15 A1=matrix(Av1 ,

16 nrow=3,

17 ncol=5,

18 byrow=TRUE)

19 print(A1)

20 Av2 <-c(1,4,-3,0,0,0,1,-1,1,0,0,11,-5,5,0)

21 A2=matrix(Av2 ,

22 nrow=3,
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23 ncol=5,

24 byrow=TRUE)

25 print(A2)

26 Av3 <-c(1,4,-3,0,0,0,1,-1,1,0,0,0,6,-6,0)

27 A3=matrix(Av3 ,

28 nrow=3,

29 ncol=5,

30 byrow=TRUE)

31 print(A3)

32 print( ’ s i n c e t h e r e a r e t h r e e rows , the maximum
number o f p i v o t s can be 3 ’ )

33 print( ’ hence , a t l e a s t one o f the f o u r v a r i a b l e must
be f r e e ’ )

34 print( ’ so the e qua t i o n s have non t r i v i a l s o l u t i o n
and the columns o f A a r e l i n e a r l y independent ’ )

R code Exa 1.23 23

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #In t r o d u c t i o n to L in ea r Tran s f o rmat i on s
3 #Page No . 4 6 / 1−34
4 #Prob 1
5 #1 . 8 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 Av<-c(2,0,0,2)

14 uv<-c(1,-3)

15 A=matrix(Av,

16 nrow=2,

17 ncol=2,
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18 byrow=TRUE)

19 u=matrix(uv,

20 nrow=2,

21 ncol=1,

22 byrow=TRUE)

23 print(A)

24 print(u)

25 T=A %*% u

26 print(T)

R code Exa 1.24 24

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #In t r o d u c t i o n to L in ea r Tran s f o rmat i on s
3 #Page No . 4 6 / 1−34
4 #Prob 5
5 #1 . 8 . 5
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av1 <-c(1,-5,-7,-2,-3,7,5,-2)

14 av2 <-c(1,-5,-7,-2,0,1,2,1)

15 av3 <-c(1,0,3,3,0,1,2,1)

16 am1=matrix(av1 ,

17 nrow=2,

18 ncol=4,

19 byrow=TRUE)

20 am2=matrix(av2 ,

21 nrow=2,

22 ncol=4,

23 byrow=TRUE)

36



24 am3=matrix(av3 ,

25 nrow=2,

26 ncol=4,

27 byrow=TRUE)

28 print(am1)

29 print( ’ ~ ’ )
30 print(am2)

31 print( ’ ~ ’ )
32 print(am3)

33 print( ’ x1=3−3*x3 ’ )
34 print( ’ x2=1−2*x3 ’ )
35 print( ’ x3 i s f r e e ’ )
36 print( ’ Genera l S o l u t i o n ’ )
37 m1v <-c(3,1,0)

38 m1=matrix(m1v ,

39 nrow=3,

40 ncol=1,

41 byrow=TRUE)

42 m2v <-c(-3,-2,1)

43 m2=matrix(m2v ,

44 nrow=3,

45 ncol=1,

46 byrow=TRUE)

47 print(m1)

48 print( ’+ x3* ’ )
49 print(m2)

50 print( ’ when x3=0 ’ )
51 mv<-c(3,1,0)

52 m=matrix(mv,

53 nrow=3,

54 ncol=1,

55 byrow=TRUE)

56 print(m)

R code Exa 1.25 25
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1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #In t r o d u c t i o n to L in ea r Tran s f o rmat i on s
3 #Page No . 4 7 / 1−35
4 #Prob 19
5 #1 . 8 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 m1v <-c(2,5)

14 m2v <-c(-1,6)

15 m1=matrix(m1v ,

16 nrow=2,

17 ncol=1,

18 byrow=TRUE)

19 print(m1)

20 m2=matrix(m2v ,

21 nrow=2,

22 ncol=1,

23 byrow=TRUE)

24 print(m2)

25 print( ’ 5y1−3y2= ’ )
26 tm=5*m1 -3*m2

27 print(tm)

R code Exa 1.26 26

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Matr ix o f a l i n e a r t r a n s f o rma t i o n
3 #Page No . 5 0 / 1−38
4 #Prob 1
5 #1 . 9 . 1
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6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 te1v <-c(3,1,3,1)

14 te2v <-c(-5,2,0,0)

15 te1=matrix(te1v ,

16 nrow=4,

17 ncol=1,

18 byrow=TRUE)

19 print(te1)

20 te2=matrix(te2v ,

21 nrow=4,

22 ncol=1,

23 byrow=TRUE)

24 print(te2)

25 A=cbind(te1 ,te2)

26 print(A)

R code Exa 1.27 27

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Matr ix o f a l i n e a r t r a n s f o rma t i o n
3 #Page No . 5 0 / 1−38
4 #Prob 7
5 #1 . 9 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 e1v <-c(-1/sqrt (2) ,-1/sqrt (2))

14 e1=matrix(e1v ,

15 nrow=2,

16 ncol=1,

17 byrow=TRUE)

18 print( ’ e1 ’ )
19 print(e1)

20 e1[2]=e1[2]*-1

21 print( ’−> ’ )
22 print(e1)

23

24 e2v <-c(1/sqrt (2) ,-1/sqrt (2))

25 e2=matrix(e2v ,

26 nrow=2,

27 ncol=1,

28 byrow=TRUE)

29 print( ’ e2 ’ )
30 print(e2)

31 e2[2]=e2[2]*-1

32 print( ’−> ’ )
33 print(e2)

34 A=cbind(e1,e2)

35 print( ’A ’ )
36 print(A)

R code Exa 1.28 28

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Matr ix o f a l i n e a r t r a n s f o rma t i o n
3 #Page No . 5 1 / 1−39
4 #Prob 21
5 #1 . 9 . 2 1
6

7 #c l e a r c o n s o l e
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8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(1,1,4,5)

14 bv<-c(3,8)

15 a=matrix(av,

16 nrow=2,

17 ncol=2,

18 byrow=TRUE)

19 print( ’ a ’ )
20 print(a)

21 b=matrix(bv,

22 nrow=2,

23 ncol=1,

24 byrow=TRUE)

25 print( ’ b ’ )
26 print(b)

27 A=cbind(a,b)

28 print( ’A ’ )
29 print(A)

30 print( ’R2=R2−4R1 ’ )
31 A[2,]=A[2,]-4*A[1,]

32 print(A)

33 print( ’R1=R1−4R2 ’ )
34 A[1,]=A[1,]-A[2,]

35 print(A)

36 xv=c(7,-4)

37 x=matrix(xv,nrow=2,ncol=1,byrow = TRUE)

38 print( ’ x= ’ )
39 print(x)

R code Exa 1.29 29
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1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r Models i n Bus ine s s , S c i e n c e and Eng i n e e r i n g
3 #Page No . 5 5 / 1−43
4 #Prob 1
5 #1 . 1 0 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(110,130,295,4,3,9,20,18,48,2,5,8)

14 a=matrix(av,

15 nrow=4,

16 ncol=3,

17 byrow=TRUE)

18 print(a)

19 print( ’ ~ ’ )
20 print( ’ i n t e r c h an g e R1 and R4 ’ )
21 a[c(1,4) ,]=a[c(4,1) ,]

22 print(a)

23 print( ’ ~ ’ )
24 a[1,]=a[1,]/2

25 a[3,]=a[3,]/2

26 print(a)

27 a1v <-c(1,2.5,4,0,-7,-7,0,-16,-16,0,-145,-145)

28 a2v <-c(1,2.5,4,0,1,1,0,0,0,0,0,0)

29 a3v <-c(1,0,1.5,0,1,1,0,0,0,0,0,0)

30 a1=matrix(a1v ,

31 nrow=4,

32 ncol=3,

33 byrow=TRUE)

34 a2=matrix(a2v ,

35 nrow=4,

36 ncol=3,

37 byrow=TRUE)

38 a3=matrix(a3v ,
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39 nrow=4,

40 ncol=3,

41 byrow=TRUE)

42 print(a1)

43 print( ’ ~ ’ )
44 print(a2)

45 print( ’ ~ ’ )
46 print(a3)

R code Exa 1.30 30

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r Models i n Bus ine s s , S c i e n c e and Eng i n e e r i n g
3 #Page No . 5 6 / 1−44
4 #Prob 7
5 #1 . 1 0 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 r1v <-c(12,-7,0,-4)

14 r2v <-c(-7,15,-6,0)

15 r3v <-c(0,-6,14,-5)

16 r4v <-c(-4,0,-5,13)

17 r1=matrix(r1v ,

18 nrow=4,

19 ncol=1,

20 byrow=TRUE)

21 r2=matrix(r2v ,

22 nrow=4,

23 ncol=1,

24 byrow=TRUE)
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25 r3=matrix(r3v ,

26 nrow=4,

27 ncol=1,

28 byrow=TRUE)

29 r4=matrix(r4v ,

30 nrow=4,

31 ncol=1,

32 byrow=TRUE)

33 print( ’ r1 ’ )
34 print(r1)

35 print( ’ r2 ’ )
36 print(r2)

37 print( ’ r3 ’ )
38 print(r3)

39 print( ’ r4 ’ )
40 print(r4)

41 R=cbind(r1,r2 ,r3,r4)

42 print(R)

43 vv<-c(40,30,20,-10)

44 v=matrix(vv,

45 nrow=4,

46 ncol=1,

47 byrow=TRUE)

48 print( ’ v ’ )
49 print(v)

50 x<-solve(R,v)

51 print( ’ the s o l u t i o n i s ’ )
52 print(x)

R code Exa 1.31 31

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Linea r Models i n Bus ine s s , S c i e n c e and Eng i n e e r i n g
3 #Page No . 5 7 / 1−45
4 #Prob 13
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5 #1 . 1 0 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 mv<-c(0.95 ,0.03 ,0.05 ,0.97)

14 x0v <-c(600000 ,400000)

15 m=matrix(mv,

16 nrow=2,

17 ncol=2,

18 byrow=TRUE)

19 print( ’M’ )
20 print(m)

21 x0=matrix(x0v ,

22 nrow=2,

23 ncol=1,

24 byrow=TRUE)

25 print( ’ when X0= ’ )
26 print(x0)

27 x5v <-c(523293 ,476707)

28 x5=matrix(x5v ,

29 nrow=2,

30 ncol=1,

31 byrow=TRUE)

32 print( ’ x5 ’ )
33 print(x5)

34 x10v <-c(472737 ,527263)

35 x10=matrix(x10v ,

36 nrow=2,

37 ncol=1,

38 byrow=TRUE)

39 print( ’ x10 ’ )
40 print(x10)

41 x15v <-c(439417 ,560583)

42 x15=matrix(x15v ,
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43 nrow=2,

44 ncol=1,

45 byrow=TRUE)

46 print( ’ x15 ’ )
47 print(x15)

48 x20v <-c(417456 ,582544)

49 x20=matrix(x20v ,

50 nrow=2,

51 ncol=1,

52 byrow=TRUE)

53 print( ’ x20 ’ )
54 print(x20)

55 x0=matrix(x0v ,

56 nrow=2,

57 ncol=1,

58 byrow=TRUE)

59 x0v <-c(350000 ,650000)

60 print( ’ when X0= ’ )
61 x0=matrix(x0v ,

62 nrow=2,

63 ncol=1,

64 byrow=TRUE)

65 print(x0)

66 x5v <-c(358523 ,641477)

67 x5=matrix(x5v ,

68 nrow=2,

69 ncol=1,

70 byrow=TRUE)

71 print( ’ x5 ’ )
72 print(x5)

73 x10v <-c(364140 ,635860)

74 x10=matrix(x10v ,

75 nrow=2,

76 ncol=1,

77 byrow=TRUE)

78 print( ’ x10 ’ )
79 print(x10)

80 x15v <-c(367843 ,632157)
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81 x15=matrix(x15v ,

82 nrow=2,

83 ncol=1,

84 byrow=TRUE)

85 print( ’ x15 ’ )
86 print(x15)

87 x20v <-c(370283 ,629717)

88 x20=matrix(x20v ,

89 nrow=2,

90 ncol=1,

91 byrow=TRUE)

92 print( ’ x20 ’ )
93 print(x20)

R code Exa 1.32 32

1 #Chapter 1 − L inea r Equat ions In L in ea r Algebra
2 #Supplementary E x e r c i s e s
3 #Page No . 5 8 / 1−46
4 #Prob 7a
5 #7a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 v1v <-c(2,-5,7)

14 v2v <-c(-4,1,-5)

15 v3v <-c(-2,1,-3)

16

17 v1=matrix(v1v ,3,1,TRUE)

18 v2=matrix(v2v ,3,1,TRUE)

19 v3=matrix(v3v ,3,1,TRUE)
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20 print( ’ v1 ’ )
21 print(v1)

22 print( ’ v2 ’ )
23 print(v2)

24 print( ’ v3 ’ )
25 print(v3)

26 R=cbind(v1,v2 ,v3)

27 print(R)

28 R[1,]=R[1,]/2

29 print( ’ ~ ’ )
30 print(R)

31 Rnv <-c(1,-2,-1,0,-9,-4,0,9,4)

32 Rn=matrix(Rnv ,3,3,TRUE)

33 print( ’ ~ ’ )
34 print(Rn)

35 Rnv <-c(1,-2,-1,0,-9,-4,0,0,0)

36 Rn=matrix(Rnv ,3,3,TRUE)

37 print( ’ ~ ’ )
38 print(Rn)
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Chapter 2

Matrix Algebra

R code Exa 2.1 1

1 #Chapter 2− Matr ix Algebra
2 #Matr ix o p e r a t i o n s
3 #Page No . 6 4 / 2−2
4 #Prob 1
5 #2 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(2,0,-1,4,-5,2)

14 a=matrix(av ,2,3,TRUE)

15 print( ’A= ’ )
16 print(a)

17 print( ’−2A= ’ )
18 print(-2*a)

19 print( ’ matr ix B ’ )
20 bv<-c(7,-5,1,1,-4,-3)

21 b=matrix(bv ,2,3,TRUE)
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22 print(b)

23 print( ’B−2A ’ )
24 print(b-2*a)

25 c=matrix(c(1,2,-2,1) ,2,2,TRUE)

26 d=matrix(c(3,5,-1,4) ,2,2,TRUE)

27 cd=c %*% d

28 print( ’CD ’ )
29 print(cd)

R code Exa 2.2 2

1 #Chapter 2− Matr ix Algebra
2 #Inv e r s e o f a matr ix
3 #Page No . 6 7 / 2−5
4 #Prob 1
5 #2 . 2 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en matr ix : ’ )
14 av<-c(8,6,5,4)

15 a=matrix(av ,2,2,TRUE)

16 print(a)

17 print( ’ i n v e r s e o f the matr ix i s : ’ )
18 print(solve(a))

R code Exa 2.3 3

1 #Chapter 2− Matr ix Algebra
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2 #Inv e r s e o f a matr ix
3 #Page No . 6 7 / 2−5
4 #Prob 7
5 #2 . 2 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the co− e f f i c i e n t matr ix i s : ’ )
14 av<-c(1,2,5,12)

15 a=matrix(av ,2,2,TRUE)

16 print(a)

17 print( ’ i n v e r s e o f the matr ix i s : ’ )
18 print(solve(a))

19 print( ’ s o l u t i o n i s : ’ )
20

21 b1v <-c(-1,3)

22 b1=matrix(b1v ,2,1,TRUE)

23 c=solve(a)

24 res=c %*% b1

25 print(res)

26

27 b2v <-c(1,-5)

28 b2=matrix(b2v ,2,1,TRUE)

29 res1=c %*% b2

30 print(res1)

31

32 b3v <-c(2,6)

33 b3=matrix(b3v ,2,1,TRUE)

34 res2=c %*% b3

35 print(res2)

36

37 b4v <-c(3,5)

38 b4=matrix(b4v ,2,1,TRUE)

39 res3=c %*% b4
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40 print(res3)

41

42 cm=cbind(a,b1 ,b2,b3,b4)

43 print(cm)

44 cm[2,]=cm[2,]-5*cm[1,]

45 print(cm)

46 cm[2,]=cm[2,]/2

47 print(cm)

48 cm[1,]=cm[1,]-2*cm[2,]

49 print(cm)

R code Exa 2.4 4

1 #Chapter 2− Matr ix Algebra
2 #Matr ix
3 #Page No . 7 0 / 2−8
4 #Prob 31
5 #2 . 2 . 3 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(1,0,-2,-3,1,4,2,-3,4)

14 a=matrix(av ,3,3,TRUE)

15 i=diag (3)

16 ai=cbind(a,i)

17 print(ai)

18 ai[2,]=ai[2,]+3*ai[1,]

19 print(ai)

20 ai[3,]=ai[3,]-2*ai[1,]

21 print(ai)

22 ai[3,]=ai[3,]+3*ai[2,]
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23 print(ai)

24 ai[1,]=ai[1,]+ai[3,]

25 print(ai)

26 ai[2,]=ai[2,]+ai[3,]

27 print(ai)

28 ai[3,]=ai[3,]/2

29 print(ai)

30 print( ’Aˆ−1 ’ )
31 print(ai[,c(4,5,6)])

R code Exa 2.5 5

1 #Chapter 2− Matr ix Algebra
2 #I n v e r t i b i l i t y o f a matr ix
3 #Page No . 7 3 / 2−11
4 #Prob 1
5 #2 . 3 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(5,7,-3,-6)

15 a=matrix(av ,2,2,TRUE)

16 print(a)

17 print( ’ the columns a r e l i n e r a l y independent ’ )
18 print( ’ hence , by i n v e r t i b l e matr ix theorem ’ )
19 print( ’ the matr ix A i s i n v e r t i b l e ’ )

R code Exa 2.6 6
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1 #Chapter 2− Matr ix Algebra
2 #I n v e r t i b l e matr ix
3 #Page No . 7 3 / 2−11
4 #Prob 7
5 #2 . 3 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(-1,-3,0,1,3,5,8,-3,-2,-6,3,2,0,-1,2,1)

14 a=matrix(av ,4,4,TRUE)

15 print(a)

16 a[1,]=a[1,]*-1

17 a[2,]=a[2,]-3*a[1,]

18 a[3,]=a[3 ,]+2*a[1,]

19 a[1,]=a[1,]*-1

20 print(a)

21 a[4,]=4*a[4,]-a[2,]

22 a[4,]=a[4,]/4

23 print(a)

R code Exa 2.7 7

1 #Chapter 2− Matr ix Algebra
2 #I n v e r t i b l e matr ix theorem
3 #Page No . 7 4 / 2−12
4 #Prob 33
5 #2 . 3 . 3 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9
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10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ matr ix A c o r r e s p ond i n g to t r a n s f o rma t i o n T i s
: ’ )

14 Av<-c(-5,9,4,-7)

15 A=matrix(Av ,2,2,TRUE)

16 print(A)

17 print( ’ d e t e rminant o f A i s : ’ )
18 print(det(A))

19 print( ’ s i n c e det (A) i s not equa l to z e r o ’ )
20 print( ’ by IMT, A i s i n v e r t i b l e ’ )
21 print( ’ hence , the i n v e r s e o f A e x i s t s ’ )
22 print( ’ i n v e r s e o f A i s : ’ )
23 print(solve(A))

R code Exa 2.8 8

1 #Chapter 2− Matr ix Algebra
2 #Inv e r s e u s i n g matr ix p a r t i t i o n
3 #Page No . 8 1 / 2−19
4 #Prob 25
5 #2 . 4 . 2 5
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en matr ix i s : ’ )
14 av<-c

(1,2,0,0,0,3,5,0,0,0,0,0,2,0,0,0,0,0,7,8,0,0,0,5,6)

15 a=matrix(av ,5,5,TRUE)
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16 print(a)

17 print( ’ p a r t i t i o n i n g the matr ix i n t o 4 subma t r i c e s ’ )
18 A11=rbind(a[1,1:2],a[2 ,1:2])

19 print( ’A11= ’ )
20 print(A11)

21 A22=rbind(a[3,3:5],a[4,3:5],a[5 ,3:5])

22 print( ’A22= ’ )
23 print(A22)

24 A12=matrix(0,2,3,TRUE)

25 print( ’A12= ’ )
26 print(A12)

27 A21=matrix(0,3,2,TRUE)

28 print( ’A21= ’ )
29 print(A21)

30 print( ’ p a r t i t i o n i n g A22 i n t o 4 submat r i c e s ’ )
31 A221=matrix(2,1,1,TRUE)

32 print(A221)

33 B=rbind(A22[2,2:3],A22 [3 ,2:3])

34 print( ’B= ’ )
35 print(B)

36 print(matrix(0,1,2,TRUE))

37 print(matrix(0,2,1,TRUE))

38 print( ’ d e t e rminant o f B= ’ )
39 print(det(B))

40 print( ’ Hence , B i s i n v e r t i b l e ’ )
41 print( ’ i n v e r s e o f B i s ’ )
42 print(solve(B))

43 print( ’ d e t e rminant o f i n v e r s e o f B i s : ’ )
44 print(det(solve(B)))

45 print( ’ i n v e r s e o f A11 ’ )
46 print(solve(A11))

47 print( ’ hence the i n v e r s e o f A22 i s : ’ )
48 v1=det(solve(B))

49 v2=matrix(0,1,2,TRUE)

50 v3=matrix(c(0,3,-4) ,1,3,TRUE)

51 v4=matrix(c(0,-2.5,3.5) ,1,3,TRUE)

52 r1=cbind(v1 ,v2)

53 c=rbind(r1,v3 ,v4)
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54 print(c)

R code Exa 2.9 9

1 #Chapter 2− Matr ix Algebra
2 #App l i c a t i o n o f LU decompos i t i on
3 #Page No . 8 3 / 2−21
4 #Prob 1
5 #2 . 5 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the l owe r t r i a n g u l a r matr ix i s : ’ )
14 Lv<-c(1,0,0,-1,1,0,2,-5,1)

15 L=matrix(Lv ,3,3,TRUE)

16 print(L)

17 print( ’ the upper t r i a n g u l a r matr ix i s : ’ )
18 Uv<-c(3,-7,-2,0,-2,-1,0,0,-1)

19 U=matrix(Uv ,3,3,TRUE)

20 print(U)

21 print( ’ the RHS o f the e qua t i o n s a r e ’ )
22 bv<-c(-7,5,2)

23 b=matrix(bv ,3,1,TRUE)

24 print(b)

25 print( ’ combin ing ma t r i c e s L and b ’ )
26 cm=cbind(L,b)

27 print(cm)

28 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
29 print( ’R2=R2+R1 ’ )
30 cm[2,]=cm[2,]+cm[1,]

31 print(cm)

57



32 print( ’R3=R3−2*R1 ’ )
33 cm[3,]=cm[3,]-2*cm[1,]

34 print(cm)

35 print( ’R3=R3+5*R2 ’ )
36 cm[3,]=cm[3,]+5*cm[2,]

37 print(cm)

38 y=cm[,4]

39 print( ’ y= ’ )
40 print(y)

41 print( ’ combin ing U and y ’ )
42 d=cbind(U,y)

43 print(d)

44 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
45 print( ’R3=R3/−6 ’ )
46 d[3,]=d[3,]/(-1)

47 print(d)

48 print( ’R2=R2+R3 and R1=R1+2*R3 ’ )
49 d[2,]=d[2,]+d[3,]

50 d[1,]=d[1 ,]+2*d[3,]

51 print(d)

52 print( ’R1=R1−3.5*R2 ’ )
53 d[1,]=d[1,]-3.5*d[2,]

54 print(d)

55 print( ’R1=R1/3 and R2=R2/−2 ’ )
56 d[1,]=d[1,]/3

57 d[2,]=d[2,]/(-2)

58 print(d)

59 print( ’ the s o l u t i o n i s : ’ )
60 x=d[,4]

61 print( ’ x= ’ )
62 print(x)

R code Exa 2.10 10

1 #Chapter 2− Matr ix Algebra
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2 #LU decompos i t i on o f a matr ix
3 #Page No . 8 4 / 2−22
4 #Prob 7
5 #2 . 5 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en matr ix i s : ’ )
14 av<-c(2,5,-3,-4)

15 a=matrix(av ,2,2,TRUE)

16 d=a;

17 print(a)

18 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
19 a[2,]=a[2,]-(a[2,1]/a[1,1])*a[1,]

20 print(a)

21 print(a)

22 print( ’ thus , the upper t r i a n g u l a r matr ix i s ’ )
23 U=a;

24 print( ’U= ’ )
25 print(U)

26 print( ’ the l owe r t r i a n g u l a r matr ix i s : ’ )
27 c2=d[2,1]/d[1,1]

28 r1=matrix(c(1,c2) ,2,1,TRUE)

29 r2=matrix(c(0,1) ,2,1,TRUE)

30 L=cbind(r1,r2)

31 print( ’L= ’ )
32 print(L)

R code Exa 2.11 11

1 #Chapter 2− Matr ix Algebra

59



2 #LU decompos i t i on o f a matr ix
3 #Page No . 8 4 / 2−22
4 #Prob 13
5 #2 . 5 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en matr ix i s : ’ )
14 av<-c(1,3,-5,-3,-1,-5,8,4,4,2,-5,-7,-2,-4,7,5)

15 a=matrix(av ,4,4,TRUE)

16 d=a

17 print(a)

18 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
19 p21=a[2,1]/a[1,1]

20 p31=a[3,1]/a[1,1]

21 p41=a[4,1]/a[1,1]

22 a[2,]=a[2,]-p21*a[1,]

23 a[3,]=a[3,]-p31*a[1,]

24 a[4,]=a[4,]-p41*a[1,]

25 print(a)

26 p32=a[3,2]/a[2,2]

27 p42=a[4,2]/a[2,2]

28 a[3,]=a[3,]-p32*a[2,]

29 a[4,]=a[4,]-p42*a[2,]

30 print(a)

31 print( ’ thus , l owe r t r i a n g u l a r matr ix i s : ’ )
32 v1=matrix(c(1,0,0,0) ,1,4,TRUE)

33 v2=matrix(c(p21 ,1,0,0) ,1,4,TRUE)

34 v3=matrix(c(p31 ,p32 ,1,0) ,1,4,TRUE)

35 v4=matrix(c(p41 ,p42 ,0,1) ,1,4,TRUE)

36 L=rbind(v1,v2 ,v3,v4)

37 print( ’L= ’ )
38 print(L)

39 print( ’ Upper t r i a n g u l a r matr ix i s : ’ )
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40 print( ’U= ’ )
41 print(a)

R code Exa 2.12 12

1 #Chapter 2− Matr ix Algebra
2 #App l i c a t i o n o f matr ix a l g e b r a
3 #Page No . 9 1 / 2−29
4 #Prob 1
5 #2 . 6 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the consumption matr ix i s : ’ )
14 cv<-c(.1 ,.6,.6,.3,.2 ,0,.3,.1 ,.1)

15 cm=matrix(cv ,3,3,TRUE)

16 print(cm)

17 print( ’ Assuming tha t a g r i c u l t u r e p l an s to produce
100 u n i t s and o th e r u n i t s produce no th ing ’ )

18 print( ’ the p r oduc t i on v e c t o r i s g i v en by ’ )
19 x=matrix(c(0,100,0) ,3,1,TRUE)

20 print( ’ x= ’ )
21 print(x)

22 print( ’ thus the i n t e rmed i a t e demand i s : ’ )
23 print(cm %*% x)

R code Exa 2.13 13

1 #Chapter 2− Matr ix Algebra
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2 #App l i c a t i o n o f matr ix a l g e b r a
3 #Page No . 9 1 / 2−29
4 #Prob 7
5 #2 . 6 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the consumption matr ix i s : ’ )
14 Cv<-c(0 ,.5,.6,.2)

15 Cm=matrix(Cv ,2,2,TRUE)

16 print(Cm)

17 print( ’ the demand f o r 1 un i t o f output s e c t o r 1 ’ )
18 d1=matrix(c(1,0) ,2,1,TRUE)

19 print(d1)

20 print( ’ the p r oduc t i on r e q u i r e d to s a t i s f y demand d1
i s : ’ )

21 x1=solve(diag (2)-Cm) %*% d1

22 print( ’ x1= ’ )
23 print(x1)

24 print( ’ the f i n a l demand i s : ’ )
25 d2=matrix(c(51 ,30) ,2,1,TRUE)

26 print( ’ d2= ’ )
27 print(d2)

28 print( ’ the p r oduc t i on r e q u i r e d to s a t i s f y demand d2
i s : ’ )

29 x2=solve(diag (2)-Cm) %*% d2

30 print( ’ x2= ’ )
31 print(x2)

R code Exa 2.14 14
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1 #Chapter 2− Matr ix Algebra
2 #App l i c a t i o n o f matr ix a l g e b r a
3 #Page No . 9 3 / 2−31
4 #Prob 7
5 #2 . 7 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the matr ix i n R2 to r o t a t e a v e c t o r by 60
d e g r e e s i s : ’ )

14 av<-c(cos(pi/3),-sin(pi/3),sin(pi/3),cos(pi/3))

15 a=matrix(av ,2,2,TRUE)

16 print(a)

17 x=matrix(c(6,8) ,2,1,TRUE)

18 print( ’ x= ’ )
19 print(x)

20 print( ’ so the 3X3 matr ix f o r r o t a t i o n about x i s : ’ )
21 yv<-c(1,0,6,0,1,8,0,0,1)

22 y=matrix(yv ,3,3,TRUE)

23 zv<-c(1,0,-6,0,1,-8,0,0,1)

24 z=matrix(zv ,3,3,TRUE)

25 av<-c(cos(pi/3),-sin(pi/3) ,0,sin(pi/3),cos(pi/3)

,0,0,0,1)

26 a=matrix(av ,3,3,TRUE)

27 R=y %*% (a %*% z)

28 print(R)

R code Exa 2.15 15

1 #Chapter 2− Matr ix Algebra
2 #R3 c o o r d i n a t e s o f matr ix
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3 #Page No . 9 4 / 2−32
4 #Prob 19
5 #2 . 7 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 Pv<-c(1,0,0,0,0,1,0,0,0,0,0,0,0,0,-0.1,1)

14 P=matrix(Pv ,4,4,TRUE)

15 print(P)

16 Dv<-c(4.2,6,2,1.2,4,2,4,2,6,1,1,1)

17 D=matrix(Dv ,4,3,TRUE)

18 print(D)

19 PD=P %*% D

20 print( ’PD ’ )
21 print(PD)

22 R3=matrix(0,3,3,TRUE)

23 R31=PD[1:3 ,1]/PD[4,1]

24 R32=PD[1:3 ,2]/PD[4,2]

25 R33=PD[1:3 ,3]/PD[4,3]

26 R3=cbind(R31 ,R32 ,R33)

27 print(R3)

R code Exa 2.16 16

1 #Chapter 2− Matr ix Algebra
2 #Column space o f a matr ix
3 #Page No . 9 5 / 2−33
4 #Prob 7 c
5 #2 . 8 . 7 c
6

7 #c l e a r c o n s o l e
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8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 Av<-c(2,-3,-4,-8,8,6,6,-7,-7)

15 A=matrix(Av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(A)

18 print( ’ the g i v en v e c t o r i s : ’ )
19 p=matrix(c(6,-10,11) ,3,1,TRUE)

20 print( ’ p= ’ )
21 print(p)

22 print( ’ combin ing A and p ’ )
23 b=cbind(A,p)

24 print(b)

25 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
26 b[2,]=b[2,]-(b[2,1]/b[1,1])*b[1,]

27 b[3,]=b[3,]-(b[3,1]/b[1,1])*b[1,]

28 print(b)

29 b[3,]=b[3,]-(b[3,2]/b[2,2])*b[2,]

30 print(b)

31 if(b[3 ,3]==0 & b[3 ,4]==0){

32 print( ’ p l i e s i n column space o f A ’ )
33 }else{

34 print( ’ p does not l i e i n column space o f A ’ )
35 }

R code Exa 2.17 17

1 #Chapter 2− Matr ix Algebra
2 #Matr ix o p e r a t i o n
3 #Page No . 9 6 / 2−34
4 #Prob 13
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5 #2 . 8 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(3,2,1,-5,0,-9,-4,1,7,0,9,2,-5,1,0)

14 a=matrix(av ,3,5,TRUE)

15 print(a)

16 a[2,]=a[2,]+a[3,]

17 a[2,]=a[2,]/(-1)

18 a[3,]=a[3,]-3*a[1,]

19 print(a)

20 a[3,]=a[3 ,]+2*a[2,]

21 print(a)

22 a[2,]=a[2,]/2

23 print(a)

24 a[1,]=a[1,]-2*a[2,]

25 a[1,]=a[1,]/3

26 print(a)

27 print( ’ the g e n e r a l s o l u t i o n i s x1=x3−x4 ’ )
28 print( ’ and x2=−2x3+4x4 ’ )
29 print( ’ x3 and x4 a r e f r e e ’ )
30 print( ’ i f x3=1 and x4=0 ’ )
31 print( ’ v e c t o r i s (1 , −2 ,1 ,0 ) ’ )
32 print( ’ i f x3=0 and x4=1 ’ )
33 print( ’ v e c t o r i s ( −1 ,4 ,0 ,1 ) ’ )

R code Exa 2.18 18

1 #Chapter 2− Matr ix Algebra
2 #Pivot columns
3 #Page No . 9 6 / 2−34
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4 #Prob 23
5 #2 . 8 . 2 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(4,5,9,-2,6,5,1,12,3,4,8,-3)

15 a=matrix(av ,3,4,TRUE)

16 print(a)

17 print( ’ p e r f o rm ing row op e r a i o n s ’ )
18 a[1,]=a[1,]*(1/4)

19 a[2,]=a[2,]-6*a[1,]

20 a[3,]=a[3,]-3*a[1,]

21 a[2,]=a[2,]*(-2/5)

22 a[3,]=a[3,]+(-1/4)*a[2,]

23 a[1,]=a[1,]+(-5/4)*a[2,]

24 a[1,]=a[1 ,]+2*a[2,]

25 print(a)

26 il<-c(1:3)

27 jl<-c(1:4)

28 for(i in il){

29 for(j in jl){

30 if(a[i,j]!=0){

31 cat( ’ column ’ ,j, ’ i s a p i v o t column\n ’ )
32 break

33 }

34 }

35 }

36 a[1,]=a[1,]-2*a[2,]

37 zm=matrix(0,3,1,TRUE)

38 c=cbind(a,zm)

39 print(c)

40 print( ’ x1−4x3+7x4=0 ’ )
41 print( ’ x2+5x3−6x4=0 ’ )
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42 print( ’ 0=0 ’ )

R code Exa 2.19 19

1 #Chapter 2− Matr ix Algebra
2 #Pivot columns
3 #Page No . 9 7 / 2−35
4 #Prob 25
5 #2 . 8 . 2 5
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(1,4,8,-3,-7,-1,2,7,3,4,-2,2,9,5,5,3,6,9,-5,-2)

15 a=matrix(av ,4,5,TRUE)

16 print(a)

17 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
18 a[2,]=a[2,]+a[1,]

19 a[3,]=a[3 ,]+2*a[1,]

20 a[4,]=a[4,]-3*a[1,]

21 a[2,]=a[2,]*(1/6)

22 a[3,]=a[3,]-10*a[2,]

23 a[4,]=a[4 ,]+6*a[2,]

24 a[3,]=a[3,]*-1

25 a[4,]=a[4,]-4*a[3,]

26 a[1,]=a[1 ,]+3*a[3,]

27 a[2,]=a[2,]*2

28 print(a)

29 il<-c(1:4)

30 jl<-c(1:5)

31 for(i in il){

68



32 for(j in jl){

33 if(a[i,j]!=0){

34 cat( ’ column ’ ,j, ’ i s a p i v o t column\n ’ )
35 break

36 }

37 }

38 }

39 a[2,]=a[2,]/2

40 a[1,]=a[1,]-4*a[2,]

41 print(a)

42 print( ’ x1−2x3+7x5=0 ’ )
43 print( ’ x2+2.5 x3−0.5 x5=0 ’ )
44 print( ’ x4+4x5=0 ’ )
45 print( ’ 0=0 ’ )
46 print( ’ x1=2x3−7x5 ’ )
47 print( ’ x2=−2.5x3+0.5 x5 ’ )
48 print( ’ x3=x3 ’ )
49 print( ’ x4=−4x5 ’ )
50 print( ’ x5=x5 ’ )

R code Exa 2.20 20

1 #Chapter 2− Matr ix Algebra
2 #Pivot columns
3 #Page No . 9 8 / 2−36
4 #Prob 37
5 #2 . 8 . 3 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9 #c l e a r v a r i a b l e s

10 rm(list=ls(all=TRUE))

11 av<-c

(3,-5,0,-1,3,-7,9,-4,9,-11,-5,7,-2,5,-7,3,-7,-3,4,0)
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12 a=matrix(av ,4,5,TRUE)

13 print(a)

14 a[1,]=a[1,]*(1/3)

15 a[2,]=a[2 ,]+7*a[1,]

16 a[3,]=a[3 ,]+5*a[1,]

17 a[4,]=a[4 ,]+(-3)*a[1,]

18 a[2,]=a[2,]*(-3/8)

19 a[3,]=a[3 ,]+(4/3)*a[2,]

20 a[4,]=a[4 ,]+2*a[2,]

21 a[1,]=a[1 ,]+(5/3)*a[2,]

22 a[4,]= ceiling(a[4,])#the numbers a r e very sma l l
23 a[3,]= floor(a[3,])#the numbers a r e very sma l l
24 a[1,2]= ceiling(a[1 ,2])

25 print(a)

26 il<-c(1:4)

27 jl<-c(1:5)

28 for(i in il){

29 for(j in jl){

30 if(a[i,j]!=0){

31 cat( ’ column ’ ,j, ’ i s a p i v o t column\n ’ )
32 break

33 }

34 }

35 }

36 print( ’ x1+2.5 x3−4.5 x4+3.5 x5=0 ’ )
37 print( ’ x2+1.5 x3−2.5 x4+1.5 x5=0 ’ )
38 print( ’ x3 , x4 , x5 a r e f r e e ’ )

R code Exa 2.21 21

1 #Chapter 2− Matr ix Algebra
2 #Pivot columns
3 #Page No . 1 0 1 / 2−39
4 #Prob 1
5 #2 . 9 . 1
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6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 xs=matrix(c(3,2) ,2,1,TRUE)

14 print(xs)

15 b1=matrix(c(1,1) ,2,1,TRUE)

16 b2=matrix(c(2,-1) ,2,1,TRUE)

17 print(b1)

18 print(b2)

19 x=3*b1+2*b2

20 print(x)

R code Exa 2.22 22

1 #Chapter 2− Matr ix Algebra
2 #Pivot columns
3 #Page No . 1 0 2 / 2−40
4 #Prob 7
5 #2 . 9 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 xs=matrix(c(2,-1) ,2,1,TRUE)

14 print(xs)

15 xs1=matrix(c(1.5 ,0.5) ,2,1,TRUE)

16 print(xs1)

17 b1=matrix(c(3,0) ,2,1,TRUE)
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18 b2=matrix(c(-1,2) ,2,1,TRUE)

19 print(b1)

20 print(b2)

21 x=1.5*b1+0.5*b2

22 print(x)

R code Exa 2.23 23

1 #Chapter 2− Matr ix Algebra
2 #Dimension o f a matr ix
3 #Page No . 1 0 2 / 2−40
4 #Prob 13
5 #2 . 9 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(1,-3,2,-4,-3,9,-1,5,2,-6,4,-3,-4,12,2,7)

15 a=matrix(av ,4,4,TRUE)

16 print(a)

17 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
18 a[2,]=a[2,]-(a[2,1]/a[1,1])*a[1,]

19 a[3,]=a[3,]-(a[3,1]/a[1,1])*a[1,]

20 a[4,]=a[4,]-(a[4,1]/a[1,1])*a[1,]

21 print(a)

22 a[4,]=a[4,]-2*a[2,]

23 print(a)

24 a[4,]=a[4,]-a[3,]

25 print(a)

26 k=0

27 il=c(1:4)
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28 jl=c(1:4)

29 for(i in il)

30 {for (j in jl){

31 if(a[i,j]!=0){

32 k=k+1

33 break

34 }

35 }

36 }

37 print( ’ d imens ion o f the matr ix= ’ )
38 print(k)
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Chapter 3

Determinants

R code Exa 3.1 1

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 0 8 / 3−2
4 #Prob 1
5 #3 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 Av<-c(3,0,4,2,3,2,0,5,-1)

15 A=matrix(Av ,3,3,TRUE)

16 print(A)

17 print( ’ c a l c u l a t i n g det (A) u s i n g c o f a c t o r e x p r e s s i o n
a l ong f i r s t row ’ )

18 print( ’ de t (A)=3 X (−1 X 3−5 X 2)+4 X (2 X 5−3 X 0) ’ )
19 print( ’ de t (A) = ’ )
20 print(det(A))
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R code Exa 3.2 2

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 0 8 / 3−2
4 #Prob 7
5 #3 . 1 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en matr ix i s : ’ )
14 Av<-c(4,3,0,6,5,2,9,7,3)

15 A=matrix(Av ,3,3,TRUE)

16 print(A)

17 print( ’ c a l c u l a t i n g det (A) u s i n g c o f a c t o r e x p r e s s i o n
a l ong f i r s t row ’ )

18 print( ’ de t (A)=4 X (5 X 3−7 X 2)−3 X (6 X 3−9 X 2) ’ )
19 print( ’ de t (A) = ’ )
20 print(det(A))

R code Exa 3.3 3

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 0 8 / 3−2
4 #Prob 13
5 #3 . 1 . 1 3
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6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 Av<-c

(4,0,-7,3,-5,0,0,2,0,0,7,3,-6,4,-8,5,0,5,2,-3,0,0,9,-1,2)

15 A=matrix(Av ,5,5,TRUE)

16 print( ’A= ’ )
17 print(A)

18 P=A

19 print( ’ s i n c e row 2 has maximum ze ro s , u s i n g row 2
f o r c o f a c t o r e x p r e s s i o n ’ )

20 A<-A[-(2) ,]

21 A<-A[,-(3)]

22 print( ’ d e l e t i n g second row and t h i r d column from A,
we ge t ’ )

23 print(A)

24 print( ’ de t (A)=−2 X ’ )
25 print( ’ de t ’ )
26 print(A)

27 print( ’ f o r the 4X4 matr ix obta ined , u s i n g column 2
f o r c o f a c t o r exan s i on ’ )

28 print( ’ d e l e t i n g second column and row from the 4X4
matr ix ’ )

29 A<-A[-(2) ,]

30 A<-A[,-(2)]

31 print(A)

32 print( ’ de t (A)=−2 X 3 X ’ )
33 print( ’ de t ’ )
34 print(A)

35 print( ’−6 X [ 4 X (4−3)−5 X (6−5) ] ’ )
36 print( ’= ’ )
37 print(-6*det(A))
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R code Exa 3.4 4

1 #Chapter 3− Determinants
2 #Proper ty o f d e t e rm inan t s
3 #Page No . 1 1 0 / 3−4
4 #Prob 37
5 #3 . 1 . 3 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 Av<-c(3,1,4,2)

14 A=matrix(Av ,2,2,TRUE)

15 print( ’ the g i v en matr ix i s : ’ )
16 print(A)

17 print( ’ de t (A)= ’ )
18 print(det(A))

19 print( ’ 5 X A = ’ )
20 print(5*A)

21 print( ’ de t (5 *A)= ’ )
22 print(det(5*A))

23 print( ’ thus , de t (5A) i s not equa l to 5Xdet (A) ’ )
24 print( ’ i n f a c t , the r e l a t i o n between det ( rA ) and det (

A) f o r a nxn matr ix i s : ’ )
25 print( ’ de t ( rA )=( r ˆn ) * det (A) ’ )

R code Exa 3.5 5
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1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 1 0 / 3−4
4 #Prob 41
5 #3 . 1 . 4 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(3,1,0,2)

14 a=matrix(av ,2,2,TRUE)

15 print(a)

16 print( ’ de t= ’ )
17 print(det(a))

R code Exa 3.6 6

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 1 1 / 3−5
4 #Prob 7
5 #3 . 2 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 Av<-c(1,3,0,2,-2,-5,7,4,3,5,2,1,1,-1,2,-3)

15 A=matrix(Av ,4,4,TRUE)
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16 print( ’A= ’ )
17 print(A)

18 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
19 A[2,]=A[2,]-(A[2,1]/A[1,1])*A[1,]

20 A[3,]=A[3,]-(A[3,1]/A[1,1])*A[1,]

21 A[4,]=A[4,]-(A[4,1]/A[1,1])*A[1,]

22 print(A)

23 A[3,]=A[3,]-(A[3,2]/A[2,2])*A[2,]

24 A[4,]=A[4,]-(A[4,2]/A[2,2])*A[2,]

25 print(A)

26 A[4,]=A[4,]-(A[4,3]/A[3,3])*A[3,]

27 print(A)

28 print( ’ de t (A) i s the product o f d i a g on a l e n t r i e s ’ )
29 print( ’ de t (A)= ’ )
30 print(det(A))

R code Exa 3.7 7

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 1 2 / 3−6
4 #Prob 13
5 #3 . 2 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(2,5,4,1,4,7,6,2,6,-2,-4,0,-6,7,7,0)

15 a=matrix(av ,4,4,TRUE)

16 print( ’A= ’ )
17 print(a)
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18 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
19 a[2,]=a[2,]-2*a[1,]

20 print(a)

21 print( ’ u s i n g c o f a c t o r expans i on about f o u r t h column ’
)

22 a<-a[-(1) ,]

23 a<-a[,-(4)]

24 print( ’ de t (A)= −1 X ’ )
25 print( ’ de t ’ )
26 print(a)

27 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
28 a[3,]=a[3,]+a[2,]

29 print(a)

30 print( ’ u s i n g c o f a c t o r expans i on about f i r s t column ’ )
31 a<-a[-(2) ,]

32 a<-a[,-(1)]

33 print( ’ de t (A)= −1 X −6 X ’ )
34 print( ’ de t ’ )
35 print(a)

36 print( ’= ’ )
37 print(6*det(a))

R code Exa 3.8 8

1 #Chapter 3− Determinants
2 #Determinant o f a matr ix
3 #Page No . 1 1 2 / 3−6
4 #Prob 19
5 #3 . 2 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 print( ’ the g i v en matr ix i s : ’ )
14 print( ’A= ’ )
15 print( ’ a b c ’ )
16 print( ’ 2d+a 2 e+b 2 f+c ’ )
17 print( ’ g h i ’ )
18 print( ’B= ’ )
19 print( ’ a b c ’ )
20 print( ’ d e f ’ )
21 print( ’ g h i ’ )
22 print( ’ g iven , det (B)=7 ’ )
23 print( ’ p e r f o rm ing row op e r a t i o n s on A ’ )
24 print( ’R2=R2−R1 ’ )
25 print( ’A= ’ )
26 print( ’ a b c ’ )
27 print( ’ 2d 2 e 2 f ’ )
28 print( ’ g h i ’ )
29 print( ’ f a c t o r i n g 2 out o f row 2 ’ )
30 print( ’A= ’ )
31 print( ’ 2 X ’ )
32 print( ’ a b c ’ )
33 print( ’ d e f ’ )
34 print( ’ g h i ’ )
35 print( ’ t h e r e f o r e , det (A)=2 X det (B) ’ )
36 print( ’=2 X 7 ’ )
37 print( ’= 14 ’ )

R code Exa 3.9 9

1 #Chapter 3− Determinants
2 #Linea r independency u s i n g de t e rm inan t s
3 #Page No . 1 1 2 / 3−6
4 #Prob 25
5 #3 . 2 . 2 5
6
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7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en v e c t o r s a r e : ’ )
14 v1v <-c(7,-4,-6)

15 v2v <-c(-8,5,7)

16 v3v <-c(7,0,-5)

17 v1=matrix(v1v ,3,1,TRUE)

18 v2=matrix(v2v ,3,1,TRUE)

19 v3=matrix(v3v ,3,1,TRUE)

20 print( ’ v1= ’ )
21 print(v1)

22 print( ’ v2= ’ )
23 print(v2)

24 print( ’ v3= ’ )
25 print(v3)

26 print( ’ combin ing them as a matr ix ’ )
27 a=cbind(v1,v2 ,v3)

28 print( ’A= ’ )
29 print(a)

30 print( ’ i f de t (A) i s not equa l to zero , then v1 v2
and v3 a r e l i n e a r l y independent ’ )

31 print( ’ expanding about t h i r d column ’ )
32 print( ’ de t (A)=7 X (−28+30) − 5 X (35−32) ’ )
33 print( ’= ’ )
34 print(det(a))

35 print( ’ hence , v1 v2 and v3 a r e l i n e a r l y independent ’
)

R code Exa 3.10 10

1 #Chapter 3− Determinants
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2 #Cramers Rule
3 #Page No . 1 1 5 / 3−9
4 #Prob 1
5 #3 . 3 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the co− e f f i c i e n t matr ix i s : ’ )
14 av<-c(5,7,2,4)

15 a=matrix(av ,2,2,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’ the RHS i s : ’ )
19 b=matrix(c(3,1) ,2,1,TRUE)

20 print(b)

21 print( ’ a pp l y i ng cramers r u l e ’ )
22 print( ’ r e p l a c i n g f i r s t column o f matr ix A by b ’ )
23 A1v <-c(3,7,1,4)

24 A1=matrix(A1v ,2,2,TRUE)

25 print( ’A1= ’ )
26 print(A1)

27 print( ’ r e p l a c i n g second column o f matr ix A by b ’ )
28 A2v <-c(5,3,2,1)

29 A2=matrix(A2v ,2,2,TRUE)

30 print( ’A2= ’ )
31 print(A2)

32 print( ’ x1=det (A1) / det (A) ’ )
33 print( ’= ’ )
34 print((det(A1)/det(a)))

35 print( ’ x2=det (A2) / det (A) ’ )
36 print( ’= ’ )
37 print((det(A2)/det(a)))
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R code Exa 3.11 11

1 #Chapter 3− Determinants
2 #Inv e r s e o f a matr ix
3 #Page No . 1 1 6 / 3−10
4 #Prob 13
5 #3 . 3 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(3,5,4,1,0,1,2,1,1)

15 a=matrix(av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’ the c o f a c t o r s a r e : ’ )
19 m1=matrix(c(0,1,1,1) ,2,2,TRUE)

20 C11=det(m1)

21 print( ’ C11= ’ )
22 print(C11)

23 m2=matrix(c(1,1,2,1) ,2,2,TRUE)

24 C12=-det(m2)

25 print( ’ C12= ’ )
26 print(C12)

27 m3=matrix(c(1,0,2,1) ,2,2,TRUE)

28 C13=det(m3)

29 print( ’ C13= ’ )
30 print(C13)

31 m3=matrix(c(5,4,1,1) ,2,2,TRUE)

32 C21=-det(m3)
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33 print( ’ C21= ’ )
34 print(C21)

35 m4=matrix(c(3,4,2,1) ,2,2,TRUE)

36 C22=det(m4)

37 print( ’ C22= ’ )
38 print(C22)

39 m4=matrix(c(3,5,2,1) ,2,2,TRUE)

40 C23=-det(m4)

41 print( ’ C23= ’ )
42 print(C23)

43 m5=matrix(c(5,4,0,1) ,2,2,TRUE)

44 C31=det(m5)

45 print( ’ C31= ’ )
46 print(C31)

47 m6=matrix(c(3,4,1,1) ,2,2,TRUE)

48 C32=-det(m6)

49 print( ’ C32= ’ )
50 print(C32)

51 m7=matrix(c(3,5,1,0) ,2,2,TRUE)

52 C33=det(m7)

53 print( ’ C33= ’ )
54 print(C33)

55 c1m=rbind(C11 ,C12 ,C13)

56 c2m=rbind(C21 ,C22 ,C23)

57 c3m=rbind(C31 ,C32 ,C33)

58 B=cbind(c1m ,c2m ,c3m)

59 print( ’ ad j (A)= ’ )
60 print(B)

61 print( ’A. ad j (A)= ’ )
62 adja=ceiling(a %*% B)

63 print(adja)

64 C=B/(det(a))

65 print( ’ i nv (A)= ’ )
66 print(C)
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R code Exa 3.12 12

1 #Chapter 3− Determinants
2 #App l i c an t o f de t e rminant
3 #Page No . 1 1 7 / 3−11
4 #Prob 19
5 #3 . 3 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the p o i n t s f o rming the p a r r a l l e l o g r am ar e ’ )
14 print( ’ ( 0 , 0 ) , ( 5 , 2 ) , ( 6 , 4 ) , ( 1 1 , 6 ) ’ )
15 print( ’ u s i n g the v e r t i c e s ad j a c en t to o r i g i n to form

a matr ix ’ )
16 Av<-c(5,6,2,4)

17 A=matrix(Av ,2,2,TRUE)

18 print( ’A= ’ )
19 print(A)

20 print( ’ Area o f p a r a l l e l o g r am = det (A) ’ )
21 print( ’= ’ )
22 print(det(A))
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Chapter 4

Vector Spaces

R code Exa 4.1 1

1 #Chapter 4− Vector Spaces
2 #Subspace o f v e c t o r s
3 #Page No . 1 2 3 / 4−3
4 #Prob 13 c
5 #4 . 1 . 1 3 c
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en v e c t o r s a r e : ’ )
14 v1=matrix(c(1,0,-1) ,3,1,TRUE)

15 print( ’ v1= ’ )
16 print(v1)

17 v2=matrix(c(2,1,3) ,3,1,TRUE)

18 print( ’ v2= ’ )
19 print(v2)

20 v3=matrix(c(4,2,6) ,3,1,TRUE)

21 print( ’ v3= ’ )
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22 print(v3)

23 w=matrix(c(3,1,2) ,3,1,TRUE)

24 print( ’w= ’ )
25 print(w)

26 print( ’ I t i s c l e a r tha t w i s not one o f the t h r e e
v e c t o r s i n v1 , v2 and v3 ’ )

27 print( ’ The span o f v1 , v2 and v3 c o n t a i n s i n f i n i t e l y
many v e c t o r s . ’ )

28 print( ’To check i f w i s i n the subspace o f v1 , v2 and
v3 , ’ )

29 print( ’we form an augmented matr ix . ’ )
30 av<-c(1,2,4,3,0,1,2,1,-1,3,6,2)

31 a=matrix(av ,3,4,TRUE)

32 print(a)

33 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
34 print( ’R3=R3+R1 ’ )
35 a[3,]=a[3,]+a[1,]

36 print(a)

37 print( ’R3=R3−5xR2 ’ )
38 a[3,]=a[3,]-5*a[2,]

39 print(a)

40 print( ’ t h e r e i s no p i v o t i n the augmented column , ’ )
41 print( ’ hence the v e c t o r equa t i on i s c o n s i s t e n t and w

i s i n span {v1 v2 v3 } . ’ )

R code Exa 4.2 2

1 #Chapter 4− Vector Spaces
2 #Nul l space o f a matr ix
3 #Page No . 1 2 5 / 4−5
4 #Prob 1
5 #4 . 2 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
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9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 av<-c(3,-5,-3,6,-2,0,-8,4,1)

15 a=matrix(av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’ the v e c t o r x i s : ’ )
19 x=matrix(c(1,3,-4) ,3,1,TRUE)

20 print( ’ x= ’ )
21 print(x)

22 print( ’To check i f x i s i n n u l l s p a c e o f A ’ )
23 print( ’Ax= ’ )
24 zm=matrix(0,3,1,TRUE)

25 print( ’= ’ )
26 print(zm)

27 print( ’ hence , x i s i n the n u l l space o f A ’ )

R code Exa 4.3 3

1 #Chapter 4− Vector Spaces
2 #Column space o f a matr ix
3 #Page No . 1 2 8 / 4−8
4 #Prob 13
5 #4 . 3 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
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14 av<-c(1,0,6,5,0,0,2,5,3,0,0,0,0,0,0)

15 a=matrix(av ,3,5,TRUE)

16 p=a

17 print( ’A= ’ )
18 print(a)

19 print( ’ Reducing A to e ch e l o n form ’ )
20 print( ’R2=R2/2 ’ )
21 a[2,]=a[2,]/2

22 print(a)

23 print( ’ the p i v o t columns a r e column 1 and 2 o f A ’ )
24 print( ’ x1=−6x3−5x4 ’ )
25 print( ’ x2=−(5/ 2) x3−(3/ 2) x4 ’ )
26 print( ’ x3 and x4 a r e f r e e ’ )
27 print( ’ x3 [−6 −5/2 1 0 ] + ’ )
28 print( ’ x4 [−5 −3/2 0 1 ] ’ )
29 print( ’ the s tandard c h o i c e i s (−6,−5/ 2 , 1 , 0 ) ’ )
30 print( ’ and (−5,−3/ 2 , 0 , 1 ) ’ )
31 print( ’ Another c h o i c e i s ’ )
32 print( ’ (−12 ,−5 ,2 ,0) ’ )
33 print( ’ and (−10 ,−3 ,0 ,2) ’ )
34 print( ’ which avo i d s f r a c t i o n s ’ )

R code Exa 4.4 4

1 #Chapter 4− Vector Spaces
2 #Matr ix o p e r a t i o n
3 #Page No . 1 3 2 / 4−12
4 #Prob 1
5 #4 . 4 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 xb=matrix(c(5,3) ,2,1,TRUE)

14 print(xb)

15 b1=matrix(c(3,-5) ,2,1,TRUE)

16 b2=matrix(c(-4,6) ,2,1,TRUE)

17 x=5*b1+3*b2

18 print(x)

R code Exa 4.5 5

1 #Chapter 4− Vector Spaces
2 #Gauss ian E l im i n a t i o n
3 #Page No . 1 3 2 / 4−12
4 #Prob 7
5 #4 . 4 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ v e c t o r x= ’ )
14 x=matrix(c(8,-9,6) ,3,1,TRUE)

15 print(x)

16 print( ’ the g i v en b a s i s i s : ’ )
17 b1=matrix(c(1,-1,-3) ,3,1,TRUE)

18 b2=matrix(c(-3,4,9) ,3,1,TRUE)

19 b3=matrix(c(2,-2,4) ,3,1,TRUE)

20 print( ’ b1= ’ )
21 print(b1)

22 print( ’ b2= ’ )
23 print(b2)

24 print( ’ b3= ’ )
25 print(b3)
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26 print( ’ to s o l v e the v e c t o r equa t i on ’ )
27 print( ’ an augmented matr ix i s formed ’ )
28 av<-c(1,-3,2,8,-1,4,-2,-9,-3,9,4,6)

29 a=matrix(av ,3,4,TRUE)

30 print( ’A= ’ )
31 print(a)

32 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
33 a[2,]=a[2,]-(a[2,1]/a[1,1])*a[1,]

34 a[3,]=a[3,]-(a[3,1]/a[1,1])*a[1,]

35 print(a)

36 a[3,]=a[3,]/a[3,3]

37 a[1,]=a[1,]-2*a[3,]

38 print(a)

39 a[1,]=a[1 ,]+3*a[2,]

40 print(a)

41 print( ’Xb= ’ )
42 print(a[,4])

R code Exa 4.6 6

1 #Chapter 4− Vector Spaces
2 #Matix S o l u t i o n
3 #Page No . 1 3 3 / 4−13
4 #Prob 13
5 #4 . 4 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ c1+c3=1 ’ )
14 print( ’ c2+2c3=4 ’ )
15 print( ’ c1+c2+c3=7 ’ )
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16

17 av<-c(1,0,1,1,0,1,2,4,1,1,1,7)

18 a=matrix(av ,3,4,TRUE)

19 print(a)

20 a[3,]=a[3,]-1*a[1,]

21 a[3,]=a[3,]-1*a[2,]

22 print(a)

23 a[3,]=a[3,]/-2

24 a[2,]=a[2,]-2*a[3,]

25 a[1,]=a[1,]-1*a[3,]

26 print(a)

27 ps=a[,4]

28 print( ’ ps= ’ )
29 print(ps)

30 m1=matrix(c(1,0,1) ,3,1,TRUE)

31 m2=matrix(c(0,1,1) ,3,1,TRUE)

32 m3=matrix(c(1,2,1) ,3,1,TRUE)

33 mm=matrix(c(1,4,7) ,3,1,TRUE)

34 print( ’ c1 ’ )
35 print(m1)

36 print( ’ c2 ’ )
37 print(m2)

38 print( ’ c3 ’ )
39 print(m3)

40 print( ’= ’ )
41 print(mm)

R code Exa 4.7 7

1 #Chapter 4− Vector Spaces
2 #Linea r independence o f v e c t o r s
3 #Page No . 1 3 5 / 4−15
4 #Prob 27
5 #4 . 4 . 2 7
6
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7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to check i f v e c t o r s v1 v2 and v3 a r e l i n e a r l y
independent ’ )

14 v1=matrix(c(1,0,0,1) ,4,1,TRUE)

15 v2=matrix(c(3,1,-2,1) ,4,1,TRUE)

16 v3=matrix(c(0,-1,3,-1) ,4,1,TRUE)

17 print( ’ v1= ’ )
18 print(v1)

19 print( ’ v2= ’ )
20 print(v2)

21 print( ’ v3= ’ )
22 print(v3)

23 print( ’ f o rming an augmented matr ix ’ )
24 av<-c(1,3,0,0,0,1,-1,0,0,-2,3,0,1,0,-1,0)

25 a=matrix(av ,4,4,TRUE)

26 print( ’A= ’ )
27 print(a)

28 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
29 a[4,]=a[4,]+a[1,]

30 a[1,]=a[1,]-a[4,]

31 a[1,]=a[1,]/(-1)

32 print(a)

33 a[4,]=a[4,]-a[1,]

34 a[3,]=a[3 ,]+2*a[2,]

35 a[4,]=a[4 ,]+3*a[2,]

36 a[4,]=a[4 ,]+4*a[3,]

37 a[4,]=a[4,]-6*a[2,]

38 a[4,]=a[4,]-a[1,]

39 a[4,]=a[4,]/8

40 a[4,]=a[4,]-a[3,]

41 print(a)

42 print( ’ s i n c e the v e c t o r equa t i on has on ly the
t r i v i a l s o l u t i o n ’ )
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43 print( ’ v e c t o r s v1 v2 and v3 a r e l i n e a r l y independent
’ )

R code Exa 4.8 8

1 #Chapter 4− Vector Spaces
2 #Span o f v e c t o r s
3 #Page No . 1 3 5 / 4−15
4 #Prob 31 a
5 #4 . 4 . 3 1 a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to check i f the po l ynom ia l s span R3 ’ )
14 print( ’ p l a c i n g the c o o r d i n a t e v e c t o r s o f the

po lynomia l i n t o the columns o f a matr ix ’ )
15 av<-c(1,-3,-4,1,-3,5,5,0,5,-7,-6,-1)

16 a=matrix(av ,3,4,TRUE)

17 print( ’A= ’ )
18 print(a)

19 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
20 a[2,]=a[2 ,]+3*a[1,]

21 a[3,]=a[3,]-5*a[1,]

22 print(a)

23 a[3,]=a[3 ,]+2*a[2,]

24 print(a)

25 print( ’ the f o u r v e c t o r s DO NOT span R3 as t h e r e i s
no p i v o t i n row 3 ’ )

26

27 #4 . 4 . 3 1 b
28
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29 print( ’ to check i f the po l ynom ia l s span R3 ’ )
30 print( ’ p l a c i n g the c o o r d i n a t e v e c t o r s o f the

po lynomia l i n t o the columns o f a matr ix ’ )
31 av1 <-c(0,1,-3,2,5,-8,4,-3,1,-2,2,0)

32 a1=matrix(av1 ,3,4,TRUE)

33 print( ’A= ’ )
34 print(a1)

35 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
36 a1[c(1,3) ,]=a1[c(3,1) ,]

37 print(a1)

38 a1[2,]=a1[2,]-5*a1[1,]

39 print(a1)

40 a1[3,]=a1[3,]-0.5*a1[2,]

41 print(a1)

42 print( ’ the f o u r v e c t o r s DO NOT span R3 as t h e r e i s
no p i v o t i n row 3 ’ )

R code Exa 4.9 9

1 #Chapter 4− Vector Spaces
2 #Dimension o f a v e c t o r space
3 #Page No . 1 3 7 / 4−17
4 #Prob 3
5 #4 . 5 . 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to f i n d the d imens ion o f subspace H, which i s
the s e t o f l i n e a r combinat ion o f v e c t o r s v1 v2

and v3 ’ )
14 v1=matrix(c(0,1,0,1) ,4,1,TRUE)
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15 v2=matrix(c(0,-1,1,2) ,4,1,TRUE)

16 v3=matrix(c(2,0,-3,0) ,4,1,TRUE)

17 print( ’ v1= ’ )
18 print(v1)

19 print( ’ v2= ’ )
20 print(v2)

21 print( ’ v3= ’ )
22 print(v3)

23 print( ’ C l e a r l y , v1 i s not equa l to z e r o ’ )
24 print( ’ and v2 i s not a mu l t i p l e o f v1 as t h i r d

e l ement o f v1 i s z e r o whereas tha t o f v2 i s 1 . ’ )
25 print( ’ Also , v3 i s not a l i n e a r combinat ion o f v1

and v2 as the f i r s t e l ement o f v1 and v2 i s z e r o
but tha t o f v3 i s 2 ’ )

26 print( ’ Hence , v1 v2 and v3 a r e l i n e a r l y independent
and dim (H)=3 ’ )

R code Exa 4.10 10

1 #Chapter 4− Vector Spaces
2 #Rank o f a matr ix
3 #Page No . 1 4 1 / 4−21
4 #Prob 1
5 #4 . 6 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to f i n d the rank o f matr ix A ’ )
14 av<-c(1,-4,9,-7,-1,2,-4,1,5,-6,10,7)

15 a=matrix(av ,3,4,TRUE)

16 p=a
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17 print( ’A= ’ )
18 print(a)

19 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
20 a[2,]=a[2,]+a[1,]

21 a[3,]=a[3,]-5*a[1,]

22 a[3,]=a[3 ,]+7*a[2,]

23 a[1,]=a[1,]-2*a[2,]

24 print(a)

25 print( ’ I t i s c l e a r tha t matr ix A has 2 p i v o t columns
’ )

26 print( ’ Hence , rank (A)=2 ’ )
27 print( ’ Columns 1 and 2 a r e p i v o t columns ’ )
28 print( ’ Hence , b a s i s f o r C(A) i s : ’ )
29 cat(p[,1], ’ and ’ ,p[,2])
30 print( ’ Ba s i s f o r row space o f A i s : ’ )
31 cat(a[1,], ’ and ’ ,a[2,])
32 print( ’To f i n d the b a s i s o f N(A) , s o l v e Ax=0 ’ )
33 print( ’ on s o l v i n g , we ge t the b a s i s o f N(A) as : ’ )
34 u=matrix(c(1,2.5,1,0) ,4,1,TRUE)

35 v=matrix(c(-5,-3,0,1) ,4,1,TRUE)

36 cat(v, ’ and ’ ,u)

R code Exa 4.11 11

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 5 / 4−25
4 #Prob 1a
5 #4 . 7 . 1 a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 b1=matrix(c(6,-2) ,2,1,TRUE)

14 print(b1)

15 b2=matrix(c(9,-4) ,2,1,TRUE)

16 print(b2)

17 pcb=cbind(b1,b2)

18 print(pcb)

19

20 #4 . 7 . 1 b
21 xb=matrix(c(-3,2) ,2,1,TRUE)

22 print(xb)

23 xc=pcb %*% xb

24 print(xc)

R code Exa 4.12 12

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 5 / 4−25
4 #Prob 7
5 #4 . 7 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 c1=matrix(c(1,-5) ,2,1,TRUE)

14 c2=matrix(c(-2,2) ,2,1,TRUE)

15 b1=matrix(c(7,5) ,2,1,TRUE)

16 b2=matrix(c(-3,-1) ,2,1,TRUE)

17 m=cbind(c1,c2 ,b1 ,b2)

18 print(m)

19 m[2,]=m[2 ,]+5*m[1,]
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20 print(m)

21 m[2,]=m[2,]/8

22 m[2,]=m[2,]/-1

23 print(m)

24 m[1,]=m[1 ,]+2*m[2,]

25 print(m)

26 pcb=m[,3:4]

27 print(pcb)

28 print( ’ i nv ( pcb ) ’ )
29 print(solve(pcb))

R code Exa 4.13 13

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 6 / 4−26
4 #Prob 13
5 #4 . 7 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 b1c=matrix(c(1,-2,1) ,3,1,TRUE)

14 b2c=matrix(c(3,-5,4) ,3,1,TRUE)

15 b3c=matrix(c(0,2,3) ,3,1,TRUE)

16 print( ’ b1c ’ )
17 print(b1c)

18 print( ’ b2c ’ )
19 print(b2c)

20 print( ’ b3c ’ )
21 print(b3c)

22 pcb=cbind(b1c ,b2c ,b3c)
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23 print(pcb)

24 print( ’ c o o r d i n a t e v e c t o r [−1+2 t ]B s a t i s f i e s ’ )
25 print( ’ pcb [−1+2 t ]B = [−1+2 t ]C ’ )
26 print( ’=[−1 2 0 ] ’ )
27 nm=matrix(c(-1,2,0) ,3,1,TRUE)

28 cvm=cbind(pcb ,nm)

29 print(cvm)

30 cvm[2,]=cvm[2 ,]+2*cvm[1,]

31 cvm[3,]=cvm[3,]-1*cvm[1,]

32 cvm[3,]=cvm[3,]-1*cvm[2,]

33 cvm[2,]=cvm[2,]-2*cvm[3,]

34 cvm[1,]=cvm[1,]-3*cvm[2,]

35 print(cvm)

36 print( ’ [−1+2 t ]B = ’ )
37 print(cvm[,4])

R code Exa 4.14 14

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 6 / 4−26
4 #Prob 19 a
5 #4 . 7 . 1 9 a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 vv<-c(-2,-8,-7,2,5,2,3,2,6)

14 pv<-c(1,2,-1,-3,-5,0,4,6,1)

15 v=matrix(vv ,3,3,TRUE)

16 p=matrix(pv ,3,3,TRUE)

17 print(v)
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18 print(p)

19 vp=v %*% p

20 print(vp)

21 u1=vp[,1]

22 u2=vp[,2]

23 u3=vp[,3]

24 print( ’ u1 ’ )
25 print(u1)

26 print( ’ u2 ’ )
27 print(u2)

28 print( ’ u3 ’ )
29 print(u3)

R code Exa 4.15 15

1 #Chapter 4− Vector Spaces
2 #Linea r Independence
3 #Page No . 1 4 8 / 4−28
4 #Prob 7
5 #4 . 8 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(1^0 ,2^0 ,( -2) ^0,1^1,2^1,( -2)^1,1^2 ,2^2 ,(-2)^2)

14 a=matrix(av ,3,3,TRUE)

15 print(a)

16 a[2,]=a[2,]-a[1,]

17 print(a)

18 a[3,]=a[3,]-a[1,]

19 print(a)

20 a[3,]=a[3,]-3*a[2,]
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21 print(a)

22 print( ’ Hence the s e t o f s i g n a l s i s l i n e a r l y
independent i n S ’ )

R code Exa 4.16 16

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 9 / 4−29
4 #Prob 13
5 #4 . 8 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 r1 =(1+(1/3))/2

14 r2=(1-(1/3))/2

15 print( ’ r= ’ )
16 print(r1)

17 print( ’ o r ’ )
18 print(r2)

19 cat( ’Two s o l u t i o n s o f the d i f f e r e n c e equa t i on a r e ’ ,
r1 , ’ ˆk and ’ ,r2 , ’ ˆk ’ )

R code Exa 4.17 17

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 4 9 / 4−29
4 #Prob 19
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5 #4 . 8 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 r1=(-4+ sqrt (16-4))/2

14 r2=(-4-sqrt (16-4))/2

15 print( ’ r= ’ )
16 print(r1)

17 print( ’ o r ’ )
18 print(r2)

19 cat( ’Two s o l u t i o n s o f the d i f f e r e n c e equa t i on a r e ’ ,
r1 , ’ ˆk and ’ ,r2 , ’ ˆk ’ )

20 print( ’ ’ )
21 cat( ’ The g e n e r a l s o l u t i o n has the form c1 ’ ,r1 , ’ ˆk+c2

’ ,r2 , ’ ˆk ’ )

R code Exa 4.18 18

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 5 0 / 4−30
4 #Prob 19b
5 #4 . 8 . 1 9 b
6 #( t h i s s o l u t i o n i s f o r S e c t i o n 4 . 7 )
7

8 #c l e a r c o n s o l e
9 cat(” \014 ”)
10

11 #c l e a r v a r i a b l e s
12 rm(list=ls(all=TRUE))

13
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14 vv<-c(-2,-8,-7,2,5,2,3,2,6)

15 v=matrix(vv ,3,3,TRUE)

16 print(v)

17 pv<-c(5,8,5,-3,-5,-3,-2,-2,-1)

18 pinv=matrix(pv ,3,3,TRUE)

19 print(pinv)

20 w= v %*% pinv

21 print(w)

22 w1=w[,1]

23 w2=w[,2]

24 w3=w[,3]

25 print(w1)

26 print(w2)

27 print(w3)

R code Exa 4.19 19

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 5 2 / 4−32
4 #Prob 1
5 #4 . 9 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 p=matrix(c(.7 ,.6 ,.3 ,.4) ,2,2,TRUE)

14 x1m=matrix(c(1,0) ,2,1,TRUE)

15 x2m=matrix(c(.7 ,.3) ,2,1,TRUE)

16 print( ’ x1m ’ )
17 print(x1m)

18 print( ’ x2m ’ )
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19 print(x2m)

20 x1=p %*% x1m

21 x2=p %*% x2m

22 print( ’ x1 ’ )
23 print(x1)

24 print( ’ x2 ’ )
25 print(x2)

R code Exa 4.20 20

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 5 3 / 4−33
4 #Prob 7
5 #4 . 9 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 pv<-c(.7 ,.1 ,.1 ,.2 ,.8 ,.2 ,.1 ,.1 ,.7)

14 p=matrix(pv ,3,3,TRUE)

15 print(p)

16 PI=p-diag (3)

17 print(PI)

18 zm=matrix(0,3,1,TRUE)

19 PIx=cbind(PI,zm)

20 print(PIx)

21 PIx[,c(1,3)]=PIx[,c(3,1)]

22 print(PIx)

23 PIx=PIx*10

24 print(PIx)

25 PIx[2,]=PIx[2,]-2*PIx[1,]
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26 PIx[3,]=PIx[3 ,]+3*PIx[1,]

27 PIx[2,]=PIx[2,]/(-4)

28 PIx[3,]=PIx[3,]-4*PIx[2,]

29 PIx[1,]=PIx[1,]-1*PIx[2,]

30 print(round(PIx))

31 print( ’ x1=x3 ’ )
32 print( ’ x2=2x3 ’ )
33 print( ’ x3 i s f r e e ’ )
34 print( ’ [ x1 x2 x3 ]=x3 [ 1 2 1 ] ’ )
35 print( ’ the e n t r i e s i n [ 1 2 1 ] sum to 4 ’ )
36 q=(1/4)*matrix(c(1,2,1) ,3,1,TRUE)

37 print(q)

R code Exa 4.21 21

1 #Chapter 4− Vector Spaces
2 #Change o f Ba s i s
3 #Page No . 1 5 4 / 4−34
4 #Prob 13 a
5 #4 . 9 . 1 3 a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 P=matrix(c(.95 ,.45 ,.05 ,.55) ,2,2,TRUE)

14 print(P)

15 PI=P-diag (2)

16 print(PI)

17 zm=matrix(0,2,1,TRUE)

18 PIm=cbind(PI,zm)

19 print(PIm)

20 PIm[2,]= round(PIm[2,]+PIm[1,])
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21 PIm[1,]=PIm[1,]*20

22 print(PIm)

23 print( ’ x1=9x2 ’ )
24 print( ’ x2 i s f r e e ’ )
25 print( ’A b a s i s f o r Nul (P−I ) i s [ 9 1 ] ’ )
26 print( ’ the s teady−s t a t e v e c t o r i s q = [ . 9 . 1 ] ’ )
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Chapter 5

Eigenvalues And Eigenvectors

R code Exa 5.1 1

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eigenva lu e o f a matr ix
3 #Page No . 1 5 7 / 5−1
4 #Prob 1
5 #5 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to check i f 2 i s an e i g e n v a l u e o f matr ix A ’ )
14 a=matrix(c(3,2,3,8) ,2,2,TRUE)

15 print( ’A= ’ )
16 print(a)

17 print( ’A−2I= ’ )
18 b=a-2*diag (2)

19 print(b)

20 print( ’ The columns o f A a r e c l e a r l y independent , ’ )
21 print( ’ hence (A−2I ) x=0 has a non t r i v i a l s o l u t i o n
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and 2 i s an e i g e n v a l u e o f matr ix A ’ )

R code Exa 5.2 2

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eigenva lu e o f a matr ix
3 #Page No . 1 5 8 / 5−2
4 #Prob 7
5 #5 . 1 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To check i f 4 i s an e i g e n v a l u e o f matr ix A ’ )
14 av<-c(3,0,-1,2,3,1,-3,4,5)

15 a=matrix(av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’ Th e r e f o r e ’ )
19 print( ’A−4I= ’ )
20 print(a-4*diag (3))

21 b=a-4*diag (3)

22 print( ’ to check the i n v e r t i b i l i t y o f A−4I , form an
augmented matr ix ’ )

23 zm=matrix(0,3,1,TRUE)

24 c=cbind(b,zm)

25 print(c)

26 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
27 c[2,]=c[2 ,]+2*c[1,]

28 c[3,]=c[3,]-3*c[1,]

29 print(c)

30 c[3,]=c[3 ,]+4*c[2,]
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31 print(c)

32 print( ’We can s e e tha t t h e r e e x i s t s a non t r i v i a l
s o l u t i o n . ’ )

33 print( ’ Hence , 4 i s an e i g e n v a l u e o f A. ’ )
34 print( ’ For the e i g e n v e c t o r , −x1−x3=0 and −x2−x3=0 ’ )
35 print( ’ I f x3=1 , ’ )
36 x=matrix(c(-1,-1,1) ,3,1,TRUE)

37 print( ’ x= ’ )
38 print(x)

R code Exa 5.3 3

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #E i g e nv e c t o r s
3 #Page No . 1 5 8 / 5−2
4 #Prob 13
5 #5 . 1 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To f i n d a b a s i s f o r the e i g e n s p a c e ’ )
14 print( ’ Matr ix A= ’ )
15 av<-c(4,0,1,-2,1,0,-2,0,1)

16 a=matrix(av ,3,3,TRUE)

17 print(a)

18 print( ’ f o r lambda=1 ’ )
19 print( ’A−1I= ’ )
20 b=a-diag (3)

21 print(b)

22 print( ’ s o l v i n g (A−I ) x=0 , we ge t ’ )
23 print( ’−2*x1=0 and 3*x1+x3=0 ’ )
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24 print( ’ t h e r e f o r e , x1=x3=0 ’ )
25 print( ’ which l e a v e s x2 as a f r e e v a r i a b l e ’ )
26 print( ’ Hence a b a s i s f o r the e i g e n space i s : ’ )
27 es=matrix(c(0,1,0) ,3,1,TRUE)

28 print(es)

29 print( ’ f o r lambda=2 ’ )
30 print( ’A−2I= ’ )
31 b=a-2*diag (3)

32 print(b)

33 print( ’ p e r f o rm ing row op e r a t i o n s on the augmented
matr ix ’ )

34 zm=matrix(0,3,1,TRUE)

35 c=cbind(b,zm)

36 print(c)

37 c[2,]=c[2,]+c[1,]

38 c[3,]=c[3,]+c[1,]

39 print(c)

40 c[1,]=c[1,]/c[2,2]

41 print(c)

42 print( ’We can s e e tha t x3 i s a f r e e v a r i a b l e ’ )
43 print( ’ x2=x3 and x1=−.05*x3 ’ )
44 print( ’ Hence , a b a s i s f o r the e i g e n s p a c e i s : ’ )
45 es1=matrix(c(1,2,2) ,3,1,TRUE)

46 print(es1)

47 print( ’ f o r lambda=3 ’ )
48 print( ’A−3I= ’ )
49 b=a-3*diag (3)

50 print(b)

51 print( ’ p e r f o rm ing row op e r a t i o n s on the augmented
matr ix ’ )

52 c=cbind(b,zm)

53 print(c)

54 c[2,]=c[2 ,]+2*c[1,]

55 c[3,]=c[3 ,]+2*c[1,]

56 print(c)

57 c[2,]=c[2,]/2

58 c[2,]=c[2,]/(-1)

59 print(c)
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60 print( ’ Again x3 i s a f r e e v a r i a b l e ’ )
61 print( ’ x1=−x3 and x2=x3 ’ )
62 print( ’ Hence , a b a s i s f o r the e i g e n s p a c e i s : ’ )
63 es2=matrix(c(-1,1,1) ,3,1,TRUE)

64 print(es2)

R code Exa 5.4 4

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Proper ty o f non− i n v e r t i b l e ma t r i c e s
3 #Page No . 1 5 9 / 5−3
4 #Prob 19
5 #5 . 1 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ The g i v en matr ix i s : ’ )
14 av<-c(1,2,3,1,2,3,1,2,3)

15 a=matrix(av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’A i s not i n v e r t i b l e because i t s columns a r e
l i n e a r l y dependent . ’ )

19 print( ’ Hence , 0 i s an e i g e n v a l u e o f matr ix A. ’ )

R code Exa 5.5 5

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eigenva lu e o f a ma t r i c e s
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3 #Page No . 1 6 2 / 5−6
4 #Prob 1
5 #5 . 2 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To f i n d the e i g e n v a l u e o f matr ix A ’ )
14 print( ’A= ’ )
15 a=matrix(c(2,7,7,2) ,2,2,TRUE)

16 print(a)

17 print( ’ E igen v a l u e s o f A a r e : ’ )
18 eig <-eigen(a)

19 eigv <-eig$values

20 print(eigv)

R code Exa 5.6 6

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Complex e i g e n v a l u e s
3 #Page No . 1 6 2 / 5−6
4 #Prob 7
5 #5 . 2 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To f i n d the e i g e n v a l u e s o f matr ix A. ’ )
14 print( ’A= ’ )
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15 a=matrix(c(5,3,-4,4) ,2,2,TRUE)

16 print(a)

17 print( ’ E igen v a l u e s o f A a r e : ’ )
18 eig <-eigen(a)

19 eigv <-eig$values

20 print(eigv)

21 print( ’ Hence , A has no r e a l e i g e n v a l u e s . ’ )

R code Exa 5.7 7

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eig enva l u e s o f a matr ix
3 #Page No . 1 6 2 / 5−6
4 #Prob 13
5 #5 . 2 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To f i n d the e i g e n v a l u e s o f the matr ix A ’ )
14 print( ’A= ’ )
15 av<-c(6,-2,0,-2,9,0,5,8,3)

16 a=matrix(av ,3,3,TRUE)

17 print(a)

18 print( ’ E i g enva l u e s o f A a r e : ’ )
19 eig <-eigen(a)

20 eigv <-eig$values

21 print(eigv)

R code Exa 5.8 8
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1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #E i g e nv e c t o r s
3 #Page No . 1 6 3 / 5−7
4 #Prob 25 a
5 #5 . 2 . 2 5 a
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Matr ix A= ’ )
14 a=matrix(c(.6 ,.3 ,.4 ,.7) ,2,2,TRUE)

15 print(a)

16 print( ’ E i g env e c t o r v1= ’ )
17 v1=matrix(c(3/7,4/7) ,2,1,TRUE)

18 print(v1)

19 print( ’ v e c t o r Xo= ’ )
20 Xo=matrix(c(.5 ,.5) ,2,1,TRUE)

21 print(Xo)

22 print( ’ E i g enva l u e s o f A a r e : ’ )
23 eig <-eigen(a)

24 c<-eig$values

25 print(c)

26 print( ’To v e r i f y i f v1 i s an e i g e n v e c t o r o f A: ’ )
27 print( ’A*v1= ’ )
28 print(a %*% v1)

29 print( ’= ’ )
30 print( ’ 1*v1 ’ )
31 print( ’ Hence v1 i s an e i g e n v e c t o r o f A c o r r e s p ond i n g

to e i g e n v a l u e 1 . ’ )
32 print( ’ f o r lambda=.3 ’ )
33 print( ’A−.3 I= ’ )
34 b=a-.3*diag (2)

35 print(b)

36 print( ’ p e r f o rm ing row op e r a t i o n s on the augmented
matr ix ’ )
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37 zm=matrix(0,2,1,TRUE)

38 c=cbind(b,zm)

39 print(c)

40 c[2,]=c[2,]-(c[2,1]/c[1,1])*c[1,]

41 c[2,2]= round(c[2,2])

42 print(c)

43 print( ’ hence , x1+x2=0 ’ )
44 print( ’ E i g env e c t o r c o r r e s p ond i n g to e i g e n v a l u e . 3 i s

: ’ )
45 ev=matrix(c(-1,1) ,2,1,TRUE)

46 print(ev)

47

48 #5 . 2 . 2 5 b
49 x0=matrix(c((1/2) ,(1/2)) ,2,1,TRUE)

50 v1=matrix(c((3/7) ,(4/7)) ,2,1,TRUE)

51 md=x0-v1

52 print(md)

53 print( ’= ’ )
54 print( ’ (1 / 14) v2 ’ )

R code Exa 5.9 9

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #D i a g o n a l i z a t i o n o f a matr ix
3 #Page No . 1 6 6 / 5−10
4 #Prob 1
5 #5 . 3 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ The g i v en e i g e n v e c t o r matr ix i s : ’ )
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14 p=matrix(c(5,7,2,3) ,2,2,TRUE)

15 print( ’P= ’ )
16 print(p)

17 print( ’ The d i a g ona l matr ix i s : ’ )
18 d=matrix(c(2,0,0,1) ,2,2,TRUE)

19 print( ’D= ’ )
20 print(d)

21 print( ’ The r e f o r e , matr ix A=PD(pˆ−1) ’ )
22 s=solve(p)

23 print(p %*% d %*% s)

24 print( ’ Hence , Aˆ4=P(Dˆ4) (Pˆ−1) ’ )
25 print(p%*%(d^4)%*%s)

R code Exa 5.10 10

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #D i a g o n a l i z a t i o n o f a matr ix
3 #Page No . 1 6 6 / 5−10
4 #Prob 7
5 #5 . 3 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ the g i v en matr ix i s : ’ )
14 a=matrix(c(1,0,6,-1) ,2,2,TRUE)

15 print( ’A= ’ )
16 print(a)

17 print( ’ S i n c e A i s t r i a n g u l a r , e i g e n v a l u e s a r e the
d i a g on a l e n t r i e s . ’ )

18 cat( ’ E i g enva l u e s a r e : ’ ,a[2,2],a[1,1])
19 print( ’ f o r lambda=1 ’ )
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20 print( ’A−1I= ’ )
21 b=a-diag (2)

22 print(b)

23 print( ’ Hence , x1=(1/ 3) x2 with x2 as f r e e v a r i a b l e . ’ )
24 print( ’ E i g env e c t o r c o r r e s p ond i n g to lambda=1 i s : ’ )
25 u1=matrix(c(1,3) ,2,1,TRUE)

26 print(u1)

27 print( ’ f o r lambda=−1 ’ )
28 print( ’A−(−1) I= ’ )
29 b=a+diag (2)

30 print(b)

31 print( ’ Hence , x1=0 with x2 as f r e e v a r i a b l e . ’ )
32 print( ’ E i g env e c t o r c o r r e s p ond i n g to lambda=−1 i s : ’ )
33 u2=matrix(c(0,1) ,2,1,TRUE)

34 print(u2)

35 print( ’ Thus , matr ix P= ’ )
36 um=cbind(u1 ,u2)

37 print(um)

38 print( ’ and matr ix D= ’ )
39 Dm=matrix(c(1,0,0,-1) ,2,2,TRUE)

40 print(Dm)

R code Exa 5.11 11

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #D i a g o n a l i z a t i o n o f a matr ix
3 #Page No . 1 6 7 / 5−11
4 #Prob 13
5 #5 . 3 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 print( ’ Given matr ix A= ’ )
14 av<-c(2,2,-1,1,3,-1,-1,-2,2)

15 a=matrix(av ,3,3,TRUE)

16 print(a)

17 print( ’ Given i t s e i g e n v a l u e s a r e 5 and 1 ’ )
18 print( ’ f o r lambda=5 ’ )
19 print( ’A−5I= ’ )
20 b=a-5*diag (3)

21 print(b)

22 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
23 zm=matrix(0,3,1,TRUE)

24 cm=cbind(b,zm)

25 print(cm)

26 cm[c(1,2) ,]=cm[c(2,1) ,]

27 print(cm)

28 cm[2,]=cm[2,]+3*cm[1,]

29 cm[3,]=cm[3,]+cm[1,]

30 print(cm)

31 cm[3,]=cm[3,]-cm[2,]

32 print(c)

33 cm[2,]=cm[2,]/cm[2,2]

34 cm[1,]=cm[1,]+2*cm[2,]

35 print(cm)

36 print( ’With x3 as f r e e v a r i a b l e , x1=−x3 and x2=−x3 ’ )
37 print( ’ Hence , f o r lambda=5 e i g e n v e c t o r i s : ’ )
38 u1=matrix(c(-1,-1,1) ,3,1,TRUE)

39 print(u1)

40 print( ’ f o r lambda=1 ’ )
41 print( ’A−I= ’ )
42 b=a-diag (3)

43 print(b)

44 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
45 cn=cbind(b,zm)

46 print(cn)

47 cn[2,]=cn[2,]-cn[1,]

48 cn[3,]=cn[3,]+cn[1,]

49 print(cn)
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50 print( ’With x2 and x3 as f r e e v a r i a b l e s , e i g e n
v e c t o r s c o r r e s p ond i n g to lambda=1 a r e ’ )

51 u2=matrix(c(-2,1,0) ,3,1,TRUE)

52 u3=matrix(c(1,0,1) ,3,1,TRUE)

53 print(u2)

54 print(u3)

55 print( ’ Hence , matr ix P= ’ )
56 pm=cbind(u1 ,u2,u3)

57 print(pm)

58 print( ’ and matr ix D= ’ )
59 Dm=matrix(c(5,0,0,0,1,0,0,0,1) ,3,3,TRUE)

60 print(Dm)

R code Exa 5.12 12

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eigen v a l u e s o f matr ix
3 #Page No . 1 6 8 / 5−12
4 #Prob 19
5 #5 . 3 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(5,-3,0,9,0,3,1,-2,0,0,2,0,0,0,0,2)

14 a=matrix(av ,4,4,TRUE)

15 print(a)

16 eig=eigen(a)

17 eigv <-eig$values

18 print( ’ e i g e n v a l u e s a r e : ’ )
19 print(eigv)

20 print( ’ f o r lambda=2 ’ )
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21 print( ’ (A−2I ) x=0 ’ )
22 zm=matrix(0,4,1,TRUE)

23 c1=a-2*diag (4)

24 m1=cbind(c1 ,zm)

25 print(m1)

26 m1[1,]=m1[1,]+3*m1[2,]

27 print(m1)

28 m1[1,]=m1[1,]/3

29 print(m1)

30 print( ’ x1=x3−x4 ’ )
31 print( ’ x2=−x3+2x4 ’ )
32 print( ’ x3 and x4 a r e f r e e ’ )
33 v1=matrix(c(-1,-1,1,0) ,4,1,TRUE)

34 v2=matrix(c(-1,2,0,1) ,4,1,TRUE)

35 print( ’ v1 ’ )
36 print(v1)

37 print( ’ v2 ’ )
38 print(v2)

39 print( ’ f o r lambda=3 ’ )
40 print( ’ (A−3I ) x=0 ’ )
41 c2=a-3*diag (4)

42 m2=cbind(c2 ,zm)

43 print(m2)

44 m2[1,]=m2[1,]/2

45 m2[3,]=m2[3,]+m2[2,]

46 m2[3,]=m2[3,]/(-2)

47 m2[4,]=m2[4,]+m2[3,]

48 m2[2,]=m2[2,]+2*m2[3,]

49 m2[1,]=m2[1,]+(-9/2)*m2[3,]

50 print(m2)

51 print( ’ x1=(3/ 2) x2 ’ )
52 print( ’ x2 i s f r e e ’ )
53 print( ’ x3 and x4 = 0 ’ )
54 print( ’ c h oo s i n g x2=2 produce s e i g e n v e c t o r v3

=(3 , 2 , 0 , 0 ) ’ )
55 print( ’ f o r lambda=5 ’ )
56 print( ’ (A−5I ) x=0 ’ )
57 c3=a-5*diag (4)
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58 m3=cbind(c3 ,zm)

59 print(m3)

60 m3[1,]=m3[1,]/(-3)

61 m3[2,]=m3[2,]+2*m3[1,]

62 m3[3,]=m3[3,]+3*m3[2,]

63 m3[3,]= ceiling(m3[2,]/(-24))

64 m3[4,]=m3[4,]+3*m3[3,]

65 m3[2,]=m3[2,]+8*m3[3,]

66 m3[1,]=m3[1,]+3*m3[3,]

67 print(m3)

68 print( ’ x1 i s f r e e ’ )
69 print( ’ x2=0 ’ )
70 print( ’ x3=0 ’ )
71 print( ’ x4=0 ’ )
72 print( ’ a b a s i s v e c t o r f o r the e i g e n s p a c e i s v4

=(1 , 0 , 0 , 0 ) ’ )
73 Pmv <-c(-1,-1,3,1,-1,2,2,0,1,0,0,0,0,1,0,0)

74 Pm=matrix(Pmv ,4,4,TRUE)

75 print(Pm)

76 Dmv <-c(2,0,0,0,0,2,0,0,0,0,3,0,0,0,0,5)

77 Dm=matrix(Dmv ,4,4,TRUE)

78 print(Dm)

R code Exa 5.13 13

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 7 0 / 5−14
3 #Prob 29
4 #5 . 3 . 2 9
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))
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11

12 p1=matrix(c(1,1,-2,-1) ,2,2,TRUE)

13 d1=matrix(c(3,0,0,5) ,2,2,TRUE)

14 print( ’ p1= ’ )
15 print(p1)

16 print( ’ d1= ’ )
17 print(d1)

18 p2=matrix(c(-3,1,6,-1) ,2,2,TRUE)

19 print( ’ p2= ’ )
20 print(p2)

21 A=p1*d1*solve(p1)

22 A1=p2*d1*solve(p2)

23 print( ’P1D1P1ˆ−1 ’ )
24 print(A)

25 print( ’P2D1P2ˆ−1 ’ )
26 print(A1)

27 print(A==A1)

28 print( ’ Hence , A=P1D1P1ˆ−1=P2D1P2ˆ−1 ’ )

R code Exa 5.14 14

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Transform o f matr ix
3 #Page No . 1 7 2 / 5−16
4 #Prob 1
5 #5 . 4 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 b1=matrix(c(3,-5) ,1,2,TRUE)

14 b2=matrix(c(-1,6) ,1,2,TRUE)
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15 b3=matrix(c(0,4) ,1,2,TRUE)

16 b1t=t(b1)

17 b2t=t(b2)

18 b3t=t(b3)

19 cm=cbind(b1t ,b2t ,b3t)

20 print(cm)

R code Exa 5.15 15

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eig enva l u e s
3 #Page No . 1 7 3 / 5−17
4 #Prob 13
5 #5 . 4 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 a=matrix(c(0,1,-3,4) ,2,2,TRUE)

14 eig=eigen(a)

15 eigv <-eig$values

16 print( ’ the e i g e n v a l u e s a r e ’ )
17 print(eigv)

18 print( ’ f o r lambda=1 ’ )
19 m1=a-diag (2)

20 print(m1)

21 print( ’ a s a b a s i s v e c to r , t ake u1=[1 1 ] ’ )
22 print( ’ f o r lambda=3 ’ )
23 m2=a-3*diag (2)

24 print(m2)

25 print( ’ a s a b a s i s v e c to r , t ake u1=[1 3 ] ’ )
26 #the matr ix f o r lambda=3 has a c a l c u l a t i o n e r r o r i n
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the t ex tbook

R code Exa 5.16 16

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Eig enva l u e s
3 #Page No . 1 7 5 / 5−19
4 #Prob 31
5 #5 . 4 . 3 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Given matr ix A= ’ )
14 av<-c(-7,-48,-16,1,14,6,-3,-45,-19)

15 a=matrix(av ,3,3,TRUE)

16 print(a)

17 print( ’ and matr ix P= ’ )
18 pv<-c(-3,-2,3,1,1,-1,-3,-3,0)

19 p=matrix(pv ,3,3,TRUE)

20 print(p)

21 print( ’ Hence , marix D= ’ )
22 s=solve(p)

23 Dv=round(s %*% a %*% p)

24 print(Dv)

R code Exa 5.17 17

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Complex E i g e n v e c t o r s
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3 #Page No . 1 7 6 / 5−20
4 #Prob 1
5 #5 . 5 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Matr ix A= ’ )
14 a=matrix(c(1,-2,1,3) ,2,2,TRUE)

15 print(a)

16 print( ’ E igen v a l u e s o f A a r e ’ )
17 eig=eigen(a)

18 eigv <-eig$values

19 print(eigv)

20 print( ’ f o r lambda=2+i ’ )
21 i=complex(real=2, imaginary =1)

22 print( ’A−(2+ i ) I= ’ )
23 b=a-(i)*diag (2)

24 print(b)

25 print( ’With x2 as f r e e v a r i a b l e , x1=−(1− i ) x2 ’ )
26 print( ’ Hence , e i g e n v e c t o r c o r r e s p ond i n g to lambda=2+

i i s : ’ )
27 i1=complex(real=-1,imaginary =1)

28 m1=matrix(c(i1 ,1) ,2,1,TRUE)

29 print(m1)

30 i2=complex(real=-1,imaginary =-1)

31 print( ’ f o r lambda=2−i , e i g e n v e c t o r i s : ’ )
32 m2=matrix(c(i2 ,1) ,2,1,TRUE)

33 print(m2)

R code Exa 5.18 18
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1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Sca l e f a c t o r o f t r a n s f o rma t i o n
3 #Page No . 1 7 6 / 5−20
4 #Prob 7
5 #5 . 5 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Matr ix A= ’ )
14 a=matrix(c(sqrt (3) ,-1,1,sqrt (3)) ,2,2,TRUE)

15 print(a)

16 print( ’ E i g enva l u e s o f A a r e : ’ )
17 eig=eigen(a)

18 eigv <-eig$values

19 print(eigv)

20 print( ’ The s c a l e f a c t o r a s s o c i a t e d with the
t r a n s f o rma t i o n x to Ax i s : ’ )

21 print(abs(eigv [1]))

R code Exa 5.19 19

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 7 7 / 5−21
3 #Prob 13
4 #5 . 5 . 1 3
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))
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11

12 i=complex(real=-1,imaginary =-1)

13 v=matrix(c(i,1) ,2,1,TRUE)

14 a=matrix(c(1,-2,1,3) ,2,2,TRUE)

15 print(v)

16 rev=Re(v)

17 print(rev)

18 imv=Im(v)

19 print(imv)

20 pm=cbind(rev ,imv)

21 print(pm)

22 cm=solve(pm) %*% a %*% pm

23 print(cm)

R code Exa 5.20 20

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 7 7 / 5−21
3 #Prob 19
4 #5 . 5 . 1 9
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 a=matrix(c(1.52 , -0.7 ,0.56 ,0.4) ,2,2,TRUE)

13 print(a)

14 lambdap1 =(1.92)/2

15 lambdap2=sqrt(abs ( -0.3136))/2

16 i=complex(real=0, imaginary=lambdap2)

17 print( ’ lambda = ’ )
18 cat(lambdap1+i)

19 print( ’ o r ’ )
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20 cat(lambdap1 -i)

21 print( ’ i f x2=2 ’ )
22 iv=complex(real=2,imaginary =-1)

23 vm=matrix(c(iv ,2) ,2,1,TRUE)

24 print( ’ v= ’ )
25 print(vm)

26 revm=Re(vm)

27 imvm=Im(vm)

28 print(revm)

29 print(imvm)

30 p=cbind(revm ,imvm)

31 print(p)

32 fm=solve(p) %*% a %*% p

33 print(fm)

R code Exa 5.21 21

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 7 9 / 5−23
3 #Prob 1
4 #5 . 6 . 1
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 v1=matrix(c(1,1) ,2,1,TRUE)

13 v2=matrix(c(-1,1) ,2,1,TRUE)

14 cat( ’ v1= ’ ,v1)
15 print( ’ ’ )
16 cat( ’ v2= ’ ,v2)
17 x0=matrix(c(9,1) ,2,1,TRUE)

18 nm=cbind(v1 ,v2,x0)
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19 print(nm)

20 nm[1,]=nm[1,]+nm[2,]

21 nm[1,]=nm[1,]/2

22 nm[2,]=nm[2,]-nm[1,]

23 print(nm)

24 nv1=matrix(c(15 ,15) ,2,1,TRUE)

25 nv2=matrix(c((-4/3) ,(4/3)) ,2,1,TRUE)

26 nvv=nv1 -nv2

27 print(nvv)

R code Exa 5.22 22

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 8 1 / 5−25
3 #Prob 13
4 #5 . 6 . 1 3
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 a=matrix(c(.8 ,.3, -.4,1.5) ,2,2,TRUE)

13 print(a)

14 print( ’ e i g e n v a l u e s a r e ’ )
15 eig=eigen(a)

16 print(eig$values)

17 zm=matrix(0,2,1,TRUE)

18 c1=a-1.2*diag (2)

19 m1=cbind(c1 ,zm)

20 print(m1)

21 m1[2,]=m1[2,]-m1[1,]

22 m1[2,]= round(m1[2,])

23 m1[1,]=m1[1,]/(-4)
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24 print(m1)

R code Exa 5.23 23

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
2 #Page No . 1 8 3 / 5−27
3 #Prob 1
4 #5 . 7 . 1
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 av<-c(-3,-1,-6,1,1,1)

10 a=matrix(av ,2,3,TRUE)

11 p=a

12 print(a)

13 a[c(1,2) ,]<-a[c(2,1) ,]

14 print(a)

15 a[2,]=a[2 ,]+3*a[1,]

16 a[2,]=a[2,]/2

17 a[1,]=a[1,]-a[2,]

18 print(a)

19 print( ’ c1= ’ )
20 print(a[1,3])

21 print( ’ c2= ’ )
22 print(a[2,3])

23 print( ’ x ( t )= ’ )
24 cat( ’ [ ’ ,a[1,3]*p[,1], ’ ] * e ˆ4 t ’ )
25 cat( ’−[ ’ ,a[2,3]*p[,2], ’ ] * e ˆ2 t ’ )

R code Exa 5.24 24

1 #Chapter 5− E i g enva l u e s and E i g e n v e c t o r s
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2 #Page No . 1 8 4 / 5−28
3 #Prob 19
4 #5 . 7 . 1 9
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 a=matrix(c(-2,(3/4) ,1,-1) ,2,2,TRUE)

10 print(a)

11 eig=eigen(a)

12 print( ’ e i g e n v a l u e s a r e ’ )
13 print(eig$values)

14 v1=matrix(c(1,2) ,2,1,TRUE)

15 v2=matrix(c(-3,2) ,2,1,TRUE)

16 print( ’ v1= ’ )
17 print(v1)

18 print( ’ v2= ’ )
19 print(v2)

20 print( ’ g e n e r a l s o l u t i o n x ( t ) = ’ )
21 cat( ’ c1 * [ ’ ,v1 , ’ ] e ˆ−.5 t+c2 * [ ’ ,v2 , ’ ] e ˆ−2.5 t ’ )
22 print( ’ ’ )
23 ma1=cbind(v1,v2)

24 print(ma1)

25 mb=matrix(c(4,4) ,2,1,TRUE)

26 mc=solve(ma1) %*% mb

27 print(mc)

28 print( ’ c1= ’ )
29 print(mc[1])

30 print( ’ c2= ’ )
31 print(mc[2])

32 x1=mc[1]*v1

33 x2=mc[2]*v2

34 print( ’ x ( t )= ’ )
35 cat( ’ [ ’ ,x1 , ’ ] * e ˆ−.5 t ’ )
36 cat( ’−[ ’ ,x2 , ’ ] * e ˆ−2.5 t ’ )
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Chapter 6

Orthogonality And Least
Squares

R code Exa 6.1 1

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Dot product o f v e c t o r s
3 #Page No . 1 9 3 / 6−1
4 #Prob 1
5 #6 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Vec to r s u and v a r e : ’ )
14 u=matrix(c(-1,2) ,2,1,TRUE)

15 v=matrix(c(4,6) ,2,1,TRUE)

16 print(u)

17 print(v)

18 u2=u * u

19 vu=v * u
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20 print( ’ u . u ’ )
21 print(u2[1]+u2[2])

22 print( ’ v . u ’ )
23 print(vu[1]+vu[2])

24 print( ’ P r o j e c t i o n o f v on u=(u . v ) / ( v . v ) ’ )
25 a=t(u) %*% v

26 b=t(u) %*% u

27 p=a/b

28 print( ’= ’ )
29 print(p)

R code Exa 6.2 2

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Norm o f a v e c t o r
3 #Page No . 1 9 3 / 6−1
4 #Prob 7
5 #6 . 1 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’w= ’ )
14 w=matrix(c(3,-1,-5) ,3,1,TRUE)

15 print(w)

16 wv=w[1]^2+w[2]^2+w[3]^2

17 print( ’ | |w | |= sq r t (9+1+25) ’ )
18 print(sqrt(wv))

R code Exa 6.3 3
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1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Di s t anc e between two p o i n t s
3 #Page No . 1 9 3 / 6−1
4 #Prob 13
5 #6 . 1 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Vector x and y a r e : ’ )
14 x=matrix(c(10,-3) ,2,1,TRUE)

15 y=matrix(c(-1,-5) ,2,1,TRUE)

16 print(x)

17 print(y)

18 xyv =((x[1]-y[1]) ^2+(x[2]-y[2]) ^2)

19 print( ’ | | x−y | |= sq r t ( 1 25 ) ’ )
20 print( ’= ’ )
21 print(sqrt(xyv))

R code Exa 6.4 4

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l i t y o f v e c t o r s
3 #Page No . 1 9 5 / 6−3
4 #Prob 1
5 #6 . 2 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 print( ’To v e r i f y i f u v and w ar e o r t h o gona l ’ )
14 u=matrix(c(-1,4,-3) ,3,1,TRUE)

15 v=matrix(c(5,2,1) ,3,1,TRUE)

16 w=matrix(c(3,-4,-7) ,3,1,TRUE)

17 print( ’ u ’ )
18 print(u)

19 print( ’ v ’ )
20 print(v)

21 print( ’w ’ )
22 print(w)

23 print( ’ u . v= ’ )
24 print(t(v) %*% u)

25 print( ’ u .w= ’ )
26 print(t(u) %*% w)

27 print( ’ S i n c e u .w i s not equa l to zero , the s e t {u v
w} i s not o r t h o gona l . ’ )

R code Exa 6.5 5

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l b a s i s
3 #Page No . 1 9 5 / 6−3
4 #Prob 7
5 #6 . 2 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ v e c t o r s u1 u2 and x a r e : ’ )
14 u1=matrix(c(2,-3) ,2,1,TRUE)

15 u2=matrix(c(6,4) ,2,1,TRUE)
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16 x=matrix(c(9,-7) ,2,1,TRUE)

17 print( ’ x ’ )
18 print(x)

19 print( ’ u1 ’ )
20 print(u1)

21 print( ’ u2 ’ )
22 print(u2)

23 print( ’ u1 . u2= ’ )
24 print(t(u1) %*% u2)

25 print( ’ u1 . u2=0 , {u1 u2} i s an o r t h o gona l s e t ’ )
26 print( ’ Hence {u1 u2} f o rms a b a s i s o f R2 ’ )
27 print( ’ x can be w r i t t e n as : x=a*u1+b*u2 ’ )
28 print( ’ where a=(x . u1 ) / ( u1 . u1 ) ’ )
29 u1p1=(x * u1)

30 u1p2=(u1 * u1)

31 u1m=(u1p1 [1]+ u1p1 [2])/(u1p2 [1]+ u1p2 [2])

32 u2p1=(x * u2)

33 u2p2=(u2 * u2)

34 u2m=(u2p1 [1]+ u2p1 [2])/(u2p2 [1]+ u2p2 [2])

35 x1=(u1m * u1)

36 x2=(u2m * u2)

37 x=x1+x2

38 print( ’ x1= ’ )
39 print(x1)

40 print( ’ x2= ’ )
41 print(x2)

42 print( ’ x= ’ )
43 print(x)

R code Exa 6.6 6

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Pr o j e c t i o n o f v e c t o r s
3 #Page No . 1 9 5 / 6−3
4 #Prob 13
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5 #6 . 2 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Vec to r s y and u a r e : ’ )
14 y=matrix(c(2,3) ,2,1,TRUE)

15 u=matrix(c(4,-7) ,2,1,TRUE)

16 print( ’ u ’ )
17 print(u)

18 print( ’ y ’ )
19 print(y)

20 print( ’ The o r t h o gona l p r o j e c t i o n o f y on u=((y . u ) / ( u
. u ) ) *u ’ )

21 a=t(y) %*% u

22 b=t(u) %*% u

23 c1=(a/b)

24 c= c1[1] * u

25 print( ’= ’ )
26 print(c)

27 print( ’ The component o f y o r t h o gona l to u i s : ’ )
28 print(y-c)

29 print( ’ Thus y= ’ )
30 print(c+(y-c))

R code Exa 6.7 7

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthonormal v e c t o r s
3 #Page No . 1 9 6 / 6−4
4 #Prob 19
5 #6 . 2 . 1 9
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6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ g i v en v e c t o r s u and v a r e : ’ )
14 u=matrix(c(-.6,.8) ,2,1,TRUE)

15 v=matrix(c(.8 ,.6) ,2,1,TRUE)

16 print( ’ u ’ )
17 print(u)

18 print( ’ v ’ )
19 print(v)

20 uvv=u*v

21 uvv=uvv [1]+ uvv [2]

22 print( ’ u . v= ’ )
23 print(uvv)

24 uuv=u*u

25 uuv=uuv [1]+ uuv [2]

26 print( ’ u . u= ’ )
27 print(uuv)

28 vvv=v*v

29 vvv=vvv [1]+ vvv [2]

30 print( ’ v . v= ’ )
31 print(vvv)

32 print( ’ Hence , {u v} i s an o r t h o gona l s e t . ’ )
33 print( ’ | | u | |=1 and | | v | |=1 ’ )
34 print( ’ Thus , {u v} i s an or thonorma l s e t ’ )

R code Exa 6.8 8

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l p r o j e c t i o n
3 #Page No . 1 9 8 / 6−6
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4 #Prob 1
5 #6 . 3 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Given v e c t o r s a r e : ’ )
14 u1=matrix(c(0,1,-4,-1) ,4,1,TRUE)

15 print( ’ u1 ’ )
16 print(u1)

17 u2=matrix(c(3,5,1,1) ,4,1,TRUE)

18 print( ’ u2 ’ )
19 print(u2)

20 u3=matrix(c(1,0,1,-4) ,4,1,TRUE)

21 print( ’ u3 ’ )
22 print(u3)

23 u4=matrix(c(5,-3,-1,1) ,4,1,TRUE)

24 print( ’ u4 ’ )
25 print(u4)

26 x=matrix(c(10,-8,2,0) ,4,1,TRUE)

27 print( ’ x ’ )
28 print(x)

29 print( ’ The v e c t o r i n span {u4 }=((x . u4 ) / ( u4 . u4 ) ) *u4 ’ )
30 a1=t(x) %*% u4

31 a2=t(u4) %*% u4

32 av=(a1/a2)

33 print(av[1]*u4)

34 print( ’ The r e f o r e , the v e c t o r i n span {u1 u2 u3}=x−2*
u4 ’ )

35 print(x-2*u4)

R code Exa 6.9 9

141



1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l p r o j e c t i o n
3 #Page No . 1 9 8 / 6−6
4 #Prob 7
5 #6 . 3 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Vec to r s u1 u2 and y a r e ’ )
14 u1=matrix(c(1,3,-2) ,3,1,TRUE)

15 u2=matrix(c(5,1,4) ,3,1,TRUE)

16 y=matrix(c(1,3,5) ,3,1,TRUE)

17 print( ’ y= ’ )
18 print(y)

19 print( ’ u2= ’ )
20 print(u2)

21 print( ’ u1= ’ )
22 print(u1)

23 print( ’ u1 . u2= ’ )
24 a=t(u1) %*% u2

25 print( ’= ’ )
26 print(a)

27 print( ’ Hence , {u1 u2} form an o r t h ogona l b a s i s . ’ )
28 print( ’ Let W=span {u1 u2} ’ )
29 print( ’ The r e f o r e , p r o j e c t i o n o f y on W i s : ’ )
30 print( ’ ( ( y . u1 ) / ( u1 . u1 ) ) *u1+((y . u2 ) / ( u2 . u2 ) ) *u2 ’ )
31 a1=t(y) %*% u1

32 a2=t(u1) %*% u1

33 b1=t(y) %*% u2

34 b2=t(u2) %*% u2

35 print( ’= ’ )
36 bv=(b1/b2)

37 av=(a1/a2)

38 print(bv[1]*u2)
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39 print( ’ The r e f o r e , p r o j e c t i o n o f y on W i s : ’ )
40 ypy=y-bv[1]*u2

41 print(ypy)

42 ypy=ypy/ypy[2]

43 print(ypy)

R code Exa 6.10 10

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l p r o j e c t i o n
3 #Page No . 1 9 9 / 6−7
4 #Prob 13
5 #6 . 3 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ Given v e c t o r s a r e : ’ )
14 v1=matrix(c(2,-1,-3,1) ,4,1,TRUE)

15 v2=matrix(c(1,1,0,-1) ,4,1,TRUE)

16 z=matrix(c(3,-7,2,3) ,4,1,TRUE)

17 print( ’ v1= ’ )
18 print(v1)

19 print( ’ v2= ’ )
20 print(v2)

21 print( ’ z= ’ )
22 print(z)

23 a=t(v1) %*% v2

24 print( ’ v1 . v2= ’ )
25 print(a)

26 if(a==0){

27 print( ’ v1 and v2 a r e o r t h o gona l ’ )
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28 }

29 print( ’By b e s t approx imat i on theorem , c l o s e s t po i n t
i n span {v1 v2} to z i s the o r t h o gona l p r o j e c t i o n ’
)

30 print( ’ =(( z . v1 ) / ( v1 . v1 ) ) *v1+(( z . v2 ) / ( v2 . v2 ) ) *v2 ’ )
31 a1=t(z) %*% v1

32 a2=t(v1) %*% v1

33 b1=t(z) %*% v2

34 b2=t(v2) %*% v2

35 av=(a1/a2)

36 bv=(b1/b2)

37 print( ’= ’ )
38 print(av[1]*v1)

39 print( ’+ ’ )
40 print(bv[1]*v2)

41 print( ’= ’ )
42 zb=(av[1]*v1)+(bv[1]*v2)

43 print(zb)

44 zn=z-zb

45 print(zn)

46 zn=zn/4

47 print(zn)

R code Exa 6.11 11

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Orthogona l d e compos i t i on theorem
3 #Page No . 2 0 0 / 6−8
4 #Prob 19
5 #6 . 3 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
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11 rm(list=ls(all=TRUE))

12

13 print( ’By o r t h o gona l d e compos i t i on theorem , ’ )
14 print( ’ u3 i s the sum o f a v e c t o r i n W=span {u1 u2}

and a v e c t o r v o r t h o gona l to W’ )
15 print( ’To f i n d v , g i v en u1 and u2 ’ )
16 u1=matrix(c(1,1,-2) ,3,1,TRUE)

17 u2=matrix(c(5,-1,2) ,3,1,TRUE)

18 print( ’ u1= ’ )
19 print(u1)

20 print( ’ u2= ’ )
21 print(u2)

22 print( ’ P r o j e c t i o n o f u3 on W’ )
23 print( ’= (−1/ 3) *u1+(1/ 15) *u2 ’ )
24 print( ’= ’ )
25 print((-1/3)*u1+(1/15)*u2)

26 print( ’ v= u3−( p r o j e c t i o n o f u3 on W) ’ )
27 print( ’= ’ )
28 m1=matrix(c(0,0,1) ,3,1,TRUE)

29 print(m1)

30 print( ’− ’ )
31 print((-1/3)*u1+(1/15)*u2)

32 print(m1 -((-1/3)*u1+(1/15)*u2))

R code Exa 6.12 12

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Gram Schimdt O r t h o g o n a l i s a t i o n
3 #Page No . 2 0 2 / 6−10
4 #Prob 1
5 #6 . 4 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9
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10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to o r t h o g o n a l i s e the g i v en v e c t o r s u s i n g Gram
−Schimdt o r t h o g o n a l i s a t i o n ’ )

14 x1=matrix(c(3,0,-1) ,3,1,TRUE)

15 x2=matrix(c(8,5,-6) ,3,1,TRUE)

16 print( ’ x1= ’ )
17 print(x1)

18 print( ’ x2= ’ )
19 print(x2)

20 print( ’ Let v1=x1 ’ )
21 v1=x1

22 print( ’ v2=x2−(( x2 . v1 ) / ( v1 . v1 ) ) *v1 ’ )
23 a1=t(x2) %*% v1

24 a2=t(v1) %*% v1

25 av=(a1/a2)

26 p=av[1]*v1

27 v2=x2-p

28 print( ’= ’ )
29 print(x2)

30 print( ’− ’ )
31 print(p)

32 print( ’= ’ )
33 print(v2)

34 print( ’ Thus , an o r t h o gona l b a s i s i s : ’ )
35 print(v1)

36 print(v2)

R code Exa 6.13 13

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Gram Schimdt O r t h o g o n a l i s a t i o n
3 #Page No . 2 0 2 / 6−10
4 #Prob 7
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5 #6 . 4 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ to o r t h o g o n a l i s e the g i v en v e c t o r s u s i n g Gram
−Schimdt o r t h o g o n a l i s a t i o n ’ )

14 x1=matrix(c(2,-5,1) ,3,1,TRUE)

15 x2=matrix(c(4,-1,2) ,3,1,TRUE)

16 print( ’ x1= ’ )
17 print(x1)

18 print( ’ x2= ’ )
19 print(x2)

20 print( ’ Let v1=x1 ’ )
21 v1=x1

22 print( ’ v2=x2−(( x2 . v1 ) / ( v1 . v1 ) ) *v1 ’ )
23 a1=t(x2) %*% v1

24 a2=t(v1) %*% v1

25 av=(a1/a2)

26 p=av[1]*v1

27 v2=x2-p

28 print( ’= ’ )
29 print(x2)

30 print( ’− ’ )
31 print(p)

32 print( ’= ’ )
33 print(v2)

34 print( ’ Thus , an o r t h o gona l b a s i s i s : ’ )
35 print(v1)

36 print(v2)

37 print( ’ No rma l i z i ng v1 and v2 , we ge t ’ )
38 s1=sqrt(v1[1 ,1]^2+v1[2 ,1]^2+v1[3 ,1]^2)

39 s2=sqrt(v2[1 ,1]^2+v2[2 ,1]^2+v2[3 ,1]^2)

40 print(v1/s1)

41 print(v2/s2)
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R code Exa 6.14 14

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #QR decompos i t i on o f a matr ix
3 #Page No . 2 0 2 / 6−10
4 #Prob 13
5 #6 . 4 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’QR decompos i t i on o f a matr ix ’ )
14 print( ’ g i v en matr ix A= ’ )
15 a=matrix(c(5,9,1,7,-3,-5,1,5) ,4,2,TRUE)

16 print(a)

17 print( ’ g i v en matr ix Q= ’ )
18 m1=matrix(c(5,-1,1,5,-3,1,1,3) ,4,2,TRUE)

19 q=(1/6)*m1

20 print(q)

21 print( ’ The r e f o r e , R= ’ )
22 s=t(q) %*% a

23 print(s)

24 qr=q %*% s

25 print(qr)

R code Exa 6.15 15

1 #Chapter 6− Or thogona l i t y and Leas t Square s
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2 #Leas t squa r e s o l u t i o n
3 #Page No . 2 0 5 / 6−13
4 #Prob 1
5 #6 . 5 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ The co− e f f i c i e n t matr ix i s : ’ )
14 a=matrix(c(-1,2,2,-3,-1,3) ,3,2,TRUE)

15 print( ’A= ’ )
16 print(a)

17 print( ’ The RHS i s : ’ )
18 b=matrix(c(4,1,2) ,3,1,TRUE)

19 print(b)

20 print( ’ Product o f t r a n s p o s e o f A and A= ’ )
21 p1=t(a) %*% a

22 print(p1)

23 print( ’ Product o f t r a n s p o s e o f A and b= ’ )
24 p2=t(a) %*% b

25 print(p2)

26 print( ’ Hence , the s o l u t i o n i s : ’ )
27 p=solve(p1) %*% p2

28 print(p)

R code Exa 6.16 16

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Leas t squa r e s o l u t i o n
3 #Page No . 2 0 6 / 6−14
4 #Prob 7
5 #6 . 5 . 7
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6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’ The co− e f f i c i e n t matr ix i s : ’ )
14 a=matrix(c(1,-2,-1,2,0,3,2,5) ,4,2,TRUE)

15 print( ’A= ’ )
16 print(a)

17 print( ’ The RHS i s : ’ )
18 b=matrix(c(3,1,-4,2) ,4,1,TRUE)

19 print( ’ b= ’ )
20 print(b)

21 print( ’ Product o f t r a n s p o s e o f A and A= ’ )
22 p1=t(a) %*% a

23 print(p1)

24 print( ’ Product o f t r a n s p o s e o f A and b= ’ )
25 p2=t(a) %*% b

26 print(p2)

27 print( ’ Forming an augmented matr ix to s o l v e the
normal e qu a t i o n s ’ )

28 p=cbind(p1,p2)

29 print(p)

30 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
31 print( ’R2=R2−R1 ’ )
32 p[2,]=p[2,]-p[1,]

33 print(p)

34 print( ’R1=R1/6 and R2=R2/36 ’ )
35 p[1,]=p[1,]/6

36 p[2,]=p[2,]/36

37 print(p)

38 print( ’R1=R1−R2 ’ )
39 p[1,]=p[1,]-p[2,]

40 print(p)

41 print( ’ Hence , the s o l u t i o n i s : ’ )
42 print(p[,3])
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43 x=p[,3]

44 print( ’ The l e a s t squa r e e r r o r i s = | |Ax−b | | ’ )
45 print( ’Ax−b= ’ )
46 print(a %*% x-b)

47 c=a %*% x-b

48 s=0

49 il<-c(1:4)

50 for (i in il)

51 {

52 s=s+c[i ,1]^2

53 }

54 print( ’ | | Ax−b | |= ’ )
55 print(sqrt(s))

R code Exa 6.17 17

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Leas t squa r e s o l u t i o n
3 #Page No . 2 0 7 / 6−15
4 #Prob 13
5 #6 . 5 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To de t e rmine i f u i s the l e a s t squa r e
s o l u t i o n to Ax=b ’ )

14 print( ’ Given ’ )
15 a=matrix(c(3,4,-2,1,3,4) ,3,2,TRUE)

16 print( ’A= ’ )
17 print(a)

18 b=matrix(c(11,-9,5) ,3,1,TRUE)

151



19 print( ’ b= ’ )
20 print(b)

21 u=matrix(c(5,-1) ,2,1,TRUE)

22 v=matrix(c(5,-2) ,2,1,TRUE)

23 print( ’ u= ’ )
24 print(u)

25 print( ’ v= ’ )
26 print(v)

27 print( ’Au= ’ )
28 print(a %*% u)

29 c=b-a %*% u

30 print( ’ b−Au= ’ )
31 print(c)

32 print( ’ | | b−Au | |= ’ )
33 print(sqrt(c[1 ,1]^2+c[2 ,1]^2+c[3 ,1]^2))

34 print( ’Av= ’ )
35 print(a %*% v)

36 d=b-a %*% v

37 print( ’ b−Av= ’ )
38 print(d)

39 print( ’ | | b−Av | |= ’ )
40 print(sqrt(d[1 ,1]^2+d[2 ,1]^2+d[3 ,1]^2))

41 print( ’ S i n c e Av i s more c l o s e r to A than Au , u i s
not the l e a s t s qua r e s o l u t i o n . ’ )

R code Exa 6.18 18

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Leas t s qua r e s l i n e
3 #Page No . 2 0 9 / 6−17
4 #Prob 1
5 #6 . 6 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
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9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To ob t a i n a l e a s t sqau r e l i n e from the g i v en
data ’ )

14 print( ’ P l a c i n g the x c o o r d i n a t e s o f the data i n
second column o f matr ix X we ge t : ’ )

15 x=matrix(c(1,0,1,1,1,2,1,3) ,4,2,TRUE)

16 print( ’X= ’ )
17 print(x)

18 print( ’ P l a c i n g the y c o o r d i n a t e s i n y v e c t o r ’ )
19 y=matrix(c(1,1,2,2) ,4,1,TRUE)

20 print( ’ y= ’ )
21 print(y)

22 print( ’ Product o f t r a n s p o s e o f X and X= ’ )
23 p1=t(x) %*% x

24 print(p1)

25 print( ’ Product o f t r a n s p o s e o f X and y= ’ )
26 p2=t(x) %*% y

27 print(p2)

28 print( ’ The l e a s t squa r e s o l u t i o n = ’ )
29 print(solve(p1) %*% p2)

30 p=solve(p1) %*% p2

31 print( ’ Hence , the l e a s t squa r e l i n e i s : ’ )
32 print( ’ y ’ )
33 print( ’= ’ )
34 print(p[1,1])

35 print( ’+ ’ )
36 print(p[2,1])

37 print( ’ x ’ )

R code Exa 6.19 19

1 #Chapter 6− Or thogona l i t y and Leas t Square s
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2 #Page No . 2 1 2 / 6−20
3 #Prob 1
4 #6 . 7 . 1
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 ipx=matrix(c(4,1,1) ,3,1,TRUE)

13 ipy=matrix(c(5,1,1) ,3,1,TRUE)

14 x=matrix(c(1,1) ,2,1,TRUE)

15 y=matrix(c(5,-1) ,2,1,TRUE)

16 print( ’ x ’ )
17 print(x)

18 print( ’ y ’ )
19 print(y)

20 print( ’ xˆ2= ’ )
21 xs=sqrt((ipx[1]*x[1]*x[1])+(ipy [1]*x[2]*x[2]))

22 ys=sqrt((ipx[1]*y[1]*y[1])+(ipy [1]*y[2]*y[2]))

23 print( ’ | | x | | ˆ 2 ’ )
24 print(xs)

25 print( ’ | | y | | ˆ 2 ’ )
26 print(ys)

27 print( ’ | |<x , y> | |ˆ2 ’ )
28 xys =((ipx[1]*x[1]*y[1])+(ipy[1]*x[2]*y[2]))^2

29 print(xys)

R code Exa 6.20 20

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #Page No . 2 1 4 / 6−22
3 #Prob 25
4 #6 . 7 . 2 5
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5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 integrand <-function(t) {1*t}

13 print( ’<t ,1>= ’ )
14 v1=integrate(integrand ,lower=-1,upper =1)

15 print(v1)

16 integrand1 <-function(t) {1*(t*t)}

17 print( ’<t ˆ2,1>= ’ )
18 v2=integrate(integrand1 ,lower=-1,upper =1)

19 print(v2)

20 integrand2 <-function(x) {1*1}

21 print( ’<1,1>= ’ )
22 v3=integrate(Vectorize(integrand2),lower=-1,upper =1)

23 print(v3)

24 integrand3 <-function(t) {(t*t)*t}

25 print( ’<t ˆ2 , t>=’ )
26 v4=integrate(integrand3 ,lower=-1,upper =1)

27 print(v4)

28 integrand4 <-function(t) {(t*t)}

29 v5=integrate(integrand4 ,lower=-1,upper =1)

30 print( ’ Thus pro jwt ˆ2= ’ )
31 projt =(((v2$value/v3$value)*1)+((v4$value/v5$value))

)

32 print(projt)

33 print( ’A po lynomia l o r t h o gona l to W i s t ˆ2− p r o j t ˆ2= ’
)

34 print( ’ t ˆ2−(1/ 3) ’ )
35 print( ’ thus the po l ynom ia l s 1 , t ˆ2 and 3 t ˆ2−1 form an

o r t h ogona l b a s i s f o r Span ( 1 , t , t ˆ2) ’ )
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R code Exa 6.21 21

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #App l i c a t i o n s o f I nne r Product Spaces
3 #Page No . 2 1 5 / 6−23
4 #Prob 1
5 #6 . 8 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 xv<-c(1,-2,1,-1,1,0,1,1,1,2)

14 x=matrix(xv ,5,2,TRUE)

15 print( ’X= ’ )
16 print(x)

17 yv<-c(0,0,2,4,4)

18 y=matrix(yv ,5,1,TRUE)

19 print(y)

20 Wv<-c

(1,0,0,0,0,0,2,0,0,0,0,0,2,0,0,0,0,0,2,0,0,0,0,0,1)

21 W=matrix(Wv ,5,5,TRUE)

22 WX=W %*% x

23 print( ’WX= ’ )
24 print(WX)

25 Wy=W %*% y

26 print( ’Wy= ’ )
27 print(Wy)

28 wxtwx=t(WX) %*% WX

29 print( ’ (WX) ˆT* (WX)= ’ )
30 print(wxtwx)

31 wxtwy=t(WX) %*% Wy

32 print( ’ (WX) ˆT* (Wy)= ’ )
33 print(wxtwy)

34 betav=solve(wxtwx) %*% (wxtwy)
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35 print( ’ [ B0 B1]= ’ )
36 print(betav)

37 cat( ’ the equa t i on o f the l e a s t s qua r e s l i n e i s y= ’ ,
betav[1], ’+ ’ ,betav[2], ’ x ’ )

R code Exa 6.22 22

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #App l i c a t i o n s o f I nne r Product Spaces
3 #Page No . 2 1 6 / 6−24
4 #Prob 7
5 #6 . 8 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 integrand <-function(kt) {cos(kt)*cos(kt)}

14 print( ’ | | c o s k t | |ˆ2= ’ )
15 v1=integrate(integrand ,lower=0,upper =360)

16 print(round(v1$value))

17

18 integrand <-function(kt) {sin(kt)*sin(kt)}

19 print( ’ | | s i n k t | |ˆ2= ’ )
20 v1=integrate(integrand ,lower=0,upper =360)

21 print(round(v1$value))

R code Exa 6.23 23

1 #Chapter 6− Or thogona l i t y and Leas t Square s
2 #App l i c a t i o n s o f I nne r Product Spaces
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3 #Page No . 2 1 7 / 6−25
4 #Prob 9
5 #6 . 8 . 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 integrand <-function(t) {(2*180)-t}

14 print( ’ The f o u r i e r c o e f f i c i e n t s o f f a r e : ’ )
15 v1=integrate(integrand ,lower=0,upper =360)

16 v1v =(1/2)*(1/180)*v1$value

17 print( ’ a0/2= ’ )
18 print(v1v)

19 print( ’ f o r k=1 ’ )
20 integrand1 <-function(t) {((2*180)-t)*cos(t)}

21 v2=integrate(integrand1 ,lower=0,upper =360)

22 v2v =(1/180)*v2$value

23 print( ’ ak= ’ )
24 print(round(v2v))

25 integrand2 <-function(t) {((2*180)-t)*sin(t)}

26 v3=integrate(integrand2 ,lower=0,upper =360)

27 v3v =(1/180)*v3$value

28 print( ’ bk= ’ )
29 print(round(v3v))

30 print( ’ The th i rd−o rd e r Fou r i e r approx imat ion to f i s
: ’ )

31 print( ’ 180 + 2 s i n t + s i n 2 t + (2 / 3) s i n t 3 t ’ )
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Chapter 7

Symmetric Matrices

R code Exa 7.1 1

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Symmetric Mat r i c e s
3 #Page No . 2 2 2 / 7−2
4 #Prob 1
5 #7 . 1 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To check i f the g i v en 2X2 matr ix i s symmetr ic
’ )

14

15 #Dec l a r a t i o n o f matr ix
16 a = matrix(

17 c(3,5,5,-7),

18 nrow = 2,

19 ncol = 2,

20 byrow = TRUE)
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21

22 print( ’A= ’ )
23 print(a)

24

25 #Check f o r symmetry
26 if(a[1 ,2]==a[2,1]){

27 print( ’A i s a symmetr ic matr ix because the ( 1 , 2 )
and ( 2 , 1 ) e n t r i e s match . ’ )

28 }else{

29 print( ’A i s not a symmetr ic matr ix ’ )
30 }

R code Exa 7.2 2

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Orthogona l Matr ix
3 #Page No . 2 2 2 / 7−2
4 #Prob 7
5 #7 . 1 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To show tha t the g i v en matr ix P i s o r t h o gona l
. ’ )

14 p = matrix(

15 c(0.6 ,0.8 ,0.8 , -0.6),

16 nrow = 2,

17 ncol = 2,

18 byrow = TRUE)

19

20 print( ’P= ’ )
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21 print(p)

22 print( ’P i s composed o f two v e c t o r s . ’ )
23 p1 = matrix(

24 c(0.6 ,0.8),

25 nrow = 2,

26 ncol = 1,

27 byrow = TRUE)

28

29 p2 = matrix(

30 c(0.8 , -0.6),

31 nrow = 2,

32 ncol = 1,

33 byrow = TRUE)

34

35 print( ’ p1= ’ )
36 print(p1)

37 print( ’ p2= ’ )
38 print(p2)

39 print( ’To show tha t the columns a r e or thonorma l ’ )
40 print( ’ p1 . p2= ’ )
41 s1=p1 * p2

42 s=s1[1]+s1[2]

43 r=t(p1)

44 print(s)

45 if(s==0)

46 print( ’ The columns o f P a r e or thonorma l ’ )
47 end

48 print( ’ | | p1 | |ˆ2= ’ )
49 print(sqrt(p[1 ,1]^2+p[2 ,1]^2))

50 print( ’ | | p2 | |ˆ2= ’ )
51 print(sqrt(p[1 ,2]^2+p[2 ,2]^2))

52 print( ’ Hence , | | p1 | |= | | p2 | |=1 . Thus P i s an
o r t h o gona l matr ix ’ )

R code Exa 7.3 3
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1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #PD decompos i t i on o f a matr ix
3 #Page No . 2 2 2 / 7−2
4 #Prob 13
5 #7 . 1 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’To d i a g o n a l i z e the g i v en matr ix A ’ )
14

15 #Dec l a r a t i o n o f matr ix
16 a = matrix(

17 c(3,1,1,3),

18 nrow = 2,

19 ncol = 2,

20 byrow = TRUE)

21

22 print( ’A= ’ )
23 print(a)

24 eig=eigen(a)

25 values <- eig$values

26 print( ’ E igen v a l u e s o f A a r e : ’ )
27 print(values)

28 print( ’ f o r lambda=4 ’ )
29 print( ’A−4I= ’ )
30 print(a-4*diag (2))

31 b=a-4*diag (2)

32 print( ’To f i n d the e i g e n v e c t o r , form an augmented
matr ix . ’ )

33 zm=matrix(

34 c(0,0),

35 nrow=2,

36 ncol=1,

37 byrow=TRUE)
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38

39 c=cbind(b,zm)

40 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
41 print(c)

42

43 c[2,]=c[2,]+c[1,]

44 print(c)

45 print( ’With x2 as f r e e v a r i a b l e , x1=x2 ’ )
46 print( ’ Hence a b a s i s f o r the e i g e n s p a c e i s : ’ )
47 d=matrix(

48 c(1,1),

49 nrow=2,

50 ncol=1,

51 byrow=TRUE)

52

53 print(d)

54 print( ’Upon no rma l i z i n g ’ )
55 print(d/(sqrt (2)))

56 u1=d/(sqrt (2))

57 print( ’ f o r lambda=2 ’ )
58 print( ’A−2I= ’ )
59 b=a-2*diag (2)

60 print(b)

61 print( ’To f i n d the e i g e n v e c t o r , form an augmented
matr ix . ’ )

62 c=cbind(b,zm)

63 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
64 print(c)

65 c[2,]=c[2,]-c[1,]

66 print(c)

67 print( ’With x2 as f r e e v a r i a b l e , x1=−x2 ’ )
68 print( ’ Hence a b a s i s f o r the e i g e n s p a c e i s : ’ )
69 d=matrix(

70 c(-1,1),

71 nrow=2,

72 ncol=1,

73 byrow=TRUE)

74
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75 print(d)

76 print( ’Upon no rma l i z i n g ’ )
77 print(d/(sqrt (2)))

78 u2=d/(sqrt (2))

79 print( ’ Matr ix P= ’ )
80 p=cbind(u1,u2)

81 print(p)

82 print( ’ The c o r r e s p ond i n g matr ix D= ’ )
83

84 D1=matrix(

85 c(values [1] ,0),

86 nrow=1,

87 ncol=2,

88 byrow=TRUE)

89

90 D2=matrix(

91 c(0,values [2]),

92 nrow=1,

93 ncol=2,

94 byrow=TRUE)

95

96

97 D = matrix(

98 c(D1 ,D2),

99 nrow=2,

100 ncol=2,

101 byrow = TRUE)

102 print(D)

R code Exa 7.4 4

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #PD decompos i t i on o f a matr ix
3 #Page No . 2 2 3 / 7−3
4 #Prob 19
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5 #7 . 1 . 1 9
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 print( ’PD decompos i t i on o f a matr ix A ’ )
14 av<-c(3,-2,4,-2,6,2,4,2,3)

15 a=matrix(av ,3,3,TRUE)

16 print( ’A= ’ )
17 print(a)

18 print( ’ E i g enva l u e s o f A a r e ’ )
19 eig=eigen(a)

20 evv=eig$values

21 print(evv)

22 cat( ’ f o r lambda = ’ ,evv [1])
23 print( ’A−( lambda ) I= ’ )
24 b=a-evv[1]*diag (3)

25 print(b)

26 print( ’To f i n d e i g e n v e c t o r , form an augmented matr ix
’ )

27 zm=matrix(0,3,1,TRUE)

28 cm=cbind(b,zm)

29 print(cm)

30 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
31 cm[2,]=cm[2,]-(cm[2,1]/cm[1 ,1])*cm[1,]

32 cm[3,]=cm[3,]-(cm[3,1]/cm[1 ,1])*cm[1,]

33 cm[1,]=cm[1,]/-4

34 print(cm)

35 print( ’With x2 and x3 as f r e e v a r i a b l e s , we ge t two
v e c t o r s . ’ )

36 print( ’ x1=−.5x2+x3 ’ )
37 print( ’ Thus , the two v e c t o r s a r e ’ )
38 v1=matrix(c(-1,2,0) ,3,1,TRUE)

39 v2=matrix(c(1,0,1) ,3,1,TRUE)

40 print( ’ v1= ’ )
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41 print(v1)

42 print( ’ v2= ’ )
43 print(v2)

44 print( ’ O r t h o g on a l i z i n g v1 and v2 ’ )
45 print( ’ Let x1=v1 ’ )
46 print( ’ x2=v2−(( v2 . v1 ) / ( v1 . v1 ) ) *v1 ’ )
47 x1=v1

48 a1=t(v2) %*% v1

49 a2=t(v1) %*% v1

50 av=(a1/a2)

51 x2=v2-av[1]*v1

52 x1=x1/(sqrt(x1[1 ,1]^2+x1[2 ,1]^2+x1[3 ,1]^2))

53 u1=x1

54 x1=x2/(sqrt(x2[1 ,1]^2+x2[2 ,1]^2+x2[3 ,1]^2))

55 print(x2)

56 x2=x2*5

57 print(x2)

58 print( ’An or thonorma l b a s i s i s : ’ )
59 print( ’ u1= ’ )
60 print(u1)

61 print( ’ u2= ’ )
62 print(x1)

63 cat( ’ f o r lambda= ’ ,evv [3])
64 print( ’A−( lambda ) I= ’ )
65 b1=a-evv [3]*diag (3)

66 print(b1)

67 print( ’To f i n d e i g e n v e c t o r , form an augmented matr ix
’ )

68 cm1=cbind(b1,zm)

69 print(cm1)

70 print( ’ p e r f o rm ing row op e r a t i o n s ’ )
71 cm1[2,]=cm1[2,]/2

72 cm1[c(1,2) ,]=cm1[c(2,1) ,]

73 cm1[1,]=cm1[1,]/-1

74 print(cm1)

75 cm1[2,]= round(cm1[2,]-5*cm1[1,])

76 cm1[3,]=cm1[3,]-4*cm1[1,]

77 print(cm1)
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78 cm1[3,]= round(cm1[3,]-cm1[2,])

79 cm1[2,]=cm1[2,]/18

80 print(cm1)

81 cm1[1,]= round(cm1[1,]+4*cm1[2,])

82 print(cm1)

83 print( ’With x3 as f r e e v a r i a b l e ’ )
84 print( ’ x1=x3 and x2=−.5x3 ’ )
85 print( ’ Thus a b a s i s f o r the e i g e n s p a c e i s : ’ )
86 v3=matrix(c(-2,-1,2) ,3,1,TRUE)

87 print(v3)

88 print( ’ upon no rma l i z i n g ’ )
89 v3=v3/(sqrt(v3[1 ,1]^2+v3[2 ,1]^2+v3[3 ,1]^2))

90 print(v3)

91 print( ’ Thus , matr ix P= ’ )
92 print(cbind(u1,x1,v3))

93 print( ’ Cor r e spond ing matr ix D= ’ )
94 D1=cbind(evv[1],0,0)

95 D2=cbind(0,evv[2],0)

96 D3=cbind(0,0,evv [3])

97 D=rbind(D1,D2 ,D3)

98 print(D)

R code Exa 7.5 5

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Quadrat i c Form
3 #Page No . 2 2 6 / 7−6
4 #Prob 1
5 #7 . 2 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))
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12

13 print( ’ g i v en matr ix A and v e c t o r x ’ )
14 a = matrix(

15 c(5,(1/3) ,(1/3) ,1),

16 nrow = 2,

17 ncol = 2,

18 byrow = TRUE)

19

20 print( ’A= ’ )
21 print(a)

22

23 x = matrix(

24 c(6,1),

25 nrow = 2,

26 ncol = 1,

27 byrow = TRUE)

28 print( ’ x= ’ )
29 print(x)

30

31 print( ’ Product o f t r a n s p o s e o f x and A and x= ’ )
32 tx=t(x)

33 p=tx %*% a %*% x

34 print(p)

35 print( ’New va lu e o f v e c t o r x= ’ )
36

37 x = matrix(

38 c(1,3),

39 nrow = 2,

40 ncol = 1,

41 byrow = TRUE)

42

43 print(x)

44 print( ’ Product o f t r a n s p o s e o f x and A and x= ’ )
45 tx1=t(x)

46 p=tx1 %*% a %*% x

47 print(p)

168



R code Exa 7.6 6

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Page No . 2 2 6 / 7−6
3 #Prob 7
4 #7 . 2 . 7
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 a=matrix(c(1,5,5,1) ,2,2,TRUE)

13 print( ’A= ’ )
14 print(a)

15 eig=eigen(a)

16 eigv <-eig$values

17 print( ’ E igen v a l u e s a r e : ’ )
18 print(eigv)

19 ev=eig$vectors

20 ev1=(ev[,1]/(ev[1,1]))

21 print( ’ For lambda=6 ’ )
22 print( ’ an e i g e n v e c t o r i s ’ )
23 print(ev1)

24 print( ’ n o rma l i z ed u1= ’ )
25 print(eig$vectors [,1])

26 ev2=(ev[,2]/(ev[1,1]))

27 print( ’ For lambda=−4 ’ )
28 print( ’ an e i g e n v e c t o r i s ’ )
29 print(ev2)

30 print( ’ n o rma l i z ed u2= ’ )
31 print(eig$vectors [,2])

32 pm=eig$vectors
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33 print( ’P= ’ )
34 print(pm)

35 Dm=t(pm) %*% a %*% pm

36 print( ’D= ’ )
37 print(round(Dm))

R code Exa 7.7 7

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Page No . 2 2 7 / 7−7
3 #Prob 13
4 #7 . 2 . 1 3
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 a=matrix(c(1,-3,-3,9) ,2,2,TRUE)

13 print( ’A= ’ )
14 print(a)

15 eig=eigen(a)

16 eigv <-round(eig$values)

17 print( ’ E igen v a l u e s a r e : ’ )
18 print(eigv)

19 ev=eig$vectors

20 ev1=(ev[,1]/(ev[1,1]))

21 print( ’ For lambda=10 ’ )
22 print( ’ an e i g e n v e c t o r i s ’ )
23 print(ev1)

24 print( ’ n o rma l i z ed u1= ’ )
25 print(-eig$vectors [,1])

26 ev2=(ev[,2]/(ev[1,1]))

27 print( ’ For lambda=0 ’ )
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28 print( ’ an e i g e n v e c t o r i s ’ )
29 print(ev2)

30 print( ’ n o rma l i z ed u2= ’ )
31 print(-eig$vectors [,2])

32 pm=-eig$vectors

33 print( ’P= ’ )
34 print(pm)

35 Dm=t(pm) %*% a %*% pm

36 print( ’D= ’ )
37 print(round(Dm))

R code Exa 7.8 8

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Page No . 2 2 9 / 7−9
3 #Prob 1
4 #7 . 3 . 1
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 av<-c(5,2,0,2,6,-2,0,-2,7)

13 a=matrix(av ,3,3,TRUE)

14 print( ’A= ’ )
15 print(a)

16 eig=eigen(a)

17 eigv <-eig$values

18 print( ’ e i g e n v a l u e s a r e : ’ )
19 print(eigv)

20 print( ’ f o r lambda=9 ’ )
21 print( ’ n o rma l i z ed e i g e n v e c t o r u1= ’ )
22 print(-eig$vectors [,1])
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23 print( ’ f o r lambda=6 ’ )
24 print( ’ n o rma l i z ed e i g e n v e c t o r u2= ’ )
25 print(eig$vectors [,2])

26 print( ’ f o r lambda=3 ’ )
27 print( ’ n o rma l i z ed e i g e n v e c t o r u3= ’ )
28 print(-eig$vectors [,3])

29 print( ’ x=Py ’ )
30 print( ’P= ’ )
31 p1=-eig$vectors [,1]

32 p2=eig$vectors [,2]

33 p3=-eig$vectors [,3]

34 p=cbind(p1,p2 ,p3)

35 print(p)

R code Exa 7.9 9

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #Page No . 2 2 9 / 7−9
3 #Prob 7
4 #7 . 3 . 7
5

6 #c l e a r c o n s o l e
7 cat(” \014 ”)
8

9 #c l e a r v a r i a b l e s
10 rm(list=ls(all=TRUE))

11

12 av<-c(-2,2,0,2,-1,2,0,2,0)

13 a=matrix(av ,3,3,TRUE)

14 print( ’A= ’ )
15 print(a)

16 eig=eigen(a)

17 eigv <-eig$values

18 print( ’ e i g e n v a l u e s a r e : ’ )
19 print(eigv)
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20 print( ’ 2 i s the g r e a t e s t e i g e n va lu e ’ )
21 eigve <-eig$vectors [,1]

22 v1=eigve/eigve [3]

23 print( ’ v1= ’ )
24 print(v1)

25 v1=v1*2

26 print( ’ s c a l e d v1= ’ )
27 print(v1)

28 print( ’ u1= ’ )
29 print(eigve)

R code Exa 7.10 10

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #The S i n g u l a r Value Decompos i t i on
3 #Page No . 2 3 2 / 7−12
4 #Prob 1
5 #7 . 4 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 a=matrix(c(1,0,0,-3) ,2,2,TRUE)

14 print( ’A= ’ )
15 print(a)

16 print( ’ATA ’ )
17 ata=t(a) %*% a

18 print(ata)

19 eig=eigen(ata)

20 eigv <-eig$values

21 print( ’ e i g e n v a l u e s a r e : ’ )
22 print(eigv)
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23 print( ’ e i g e n v e c t o r s a r e : ’ )
24 print( ’ f o r lambda=9 ’ )
25 print(eig$vectors [,1])

26 print( ’ f o r lambda=1 ’ )
27 print(-eig$vectors [,2])

28 r1=eig$vectors [,1]

29 r2=-eig$vectors [,2]

30 V=cbind(r1,r2)

31 print( ’V= ’ )
32 print(V)

33 sv1=sqrt(eigv [1])

34 sv2=sqrt(eigv [2])

35 print( ’ S i n g u l a r v a l u e s a r e : ’ )
36 print(sv1)

37 print(sv2)

38 sigmam=matrix(c(sv1 ,0,0,sv2) ,2,2,TRUE)

39 print( ’ The matr ix i s the same shape as A= ’ )
40 print(sigmam)

41 Av1=a %*% r1

42 Av2=a %*% r2

43 print( ’Av1= ’ )
44 print(Av1)

45 print( ’Av2= ’ )
46 print(Av2)

47 u1=Av1/sv1

48 u2=Av2/sv2

49 print( ’ n o rma l i z e : ’ )
50 print( ’ u1= ’ )
51 print(u1)

52 print( ’ u2= ’ )
53 print(u2)

54 um=cbind(u1 ,u2)

55 print(um)

56 print( ’A= ’ )
57 print(um)

58 print( ’ * ’ )
59 print(sigmam)

60 print( ’ * ’ )
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61 print(t(V))

R code Exa 7.11 11

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #The S i n g u l a r Value Decompos i t i on
3 #Page No . 2 3 2 / 7−12
4 #Prob 7
5 #7 . 4 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 a=matrix(c(2,-1,2,2) ,2,2,TRUE)

14 print( ’A= ’ )
15 print(a)

16 ata=t(a) %*% a

17 print( ’ATA= ’ )
18 print(ata)

19 eig=eigen(ata)

20 print( ’ e i g e n v a l u e s a r e : ’ )
21 eigv <-eig$values

22 print(eigv)

23 eigve1 <-(-eig$vectors [,1])

24 eigve2 <-(-eig$vectors [,2])

25 print( ’ f o r lambda=9 ’ )
26 print(eigve1)

27 print( ’ f o r lambda=4 ’ )
28 print(eigve2)

29 V=cbind(eigve1 ,eigve2)

30 print(V)

31 sv1=sqrt(eigv [1])
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32 sv2=sqrt(eigv [2])

33 print( ’ S i n g u l a r v a l u e s a r e ’ )
34 print(sv1)

35 print(sv2)

36 c1<-c(sv1 ,0)

37 c2<-c(0,sv2)

38 sigmam=cbind(c1 ,c2)

39 av1=a %*% eigve1

40 av2=a %*% eigve2

41 print( ’Av1 ’ )
42 print(av1)

43 print( ’Av2 ’ )
44 print(av2)

45 print( ’ Check o r t h o g o n a l i t y ’ )
46 co=av1*av2

47 co=co[1]+co[2]

48 print( ’Av1 . Av2= ’ )
49 print(co)

50 u1=av1/sv1

51 u2=av2/sv2

52 print( ’ u1= ’ )
53 print(u1)

54 print( ’ u2= ’ )
55 print(u2)

56 um=cbind(u1 ,u2)

57 print(um)

58 print( ’A= ’ )
59 print(um)

60 print( ’ * ’ )
61 print(sigmam)

62 print( ’ * ’ )
63 print(t(V))

R code Exa 7.12 12
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1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #The S i n g u l a r Value Decompos i t i on
3 #Page No . 2 3 3 / 7−13
4 #Prob 13
5 #7 . 4 . 1 3
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 av<-c(3,2,2,2,3,-2)

14 a=matrix(av ,2,3,TRUE)

15 print(a)

16 aat=a %*% t(a)

17 print(aat)

18 eig=eigen(aat)

19 eigv <-eig$values

20 print( ’ e i g e n v a l u e s a r e ’ )
21 print(eigv)

22 v1=eig$vectors [,1]

23 v2=eig$vectors [,2]

24 print( ’ e i g e n v e c t o r s a r e ’ )
25 print( ’ f o r lambda=25 ’ )
26 print(v1)

27 print( ’ f o r lambda=9 ’ )
28 print(v2)

29 V=cbind(v1,v2)

30 print(V)

31 sv1=sqrt(eigv [1])

32 sv2=sqrt(eigv [2])

33 print( ’ s i n g u l a r v a l u e s a r e ’ )
34 print(sv1)

35 print(sv2)

36 zm=matrix(0,1,2,TRUE)

37 c1=matrix(c(sv1 ,0) ,1,2,TRUE)

38 c2=matrix(c(0,sv2) ,1,2,TRUE)
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39 sigmam=rbind(c1 ,c2 ,zm)

40 print(sigmam)

41 print(t(a) %*% V)

42 u1=(t(a) %*% v1)/sv1

43 u2=(t(a) %*% v2)/sv2

44 print( ’ u1= ’ )
45 print(u1)

46 print( ’ u2= ’ )
47 print(u2)

48 u3=matrix(c((-2/3) ,(2/3) ,(1/3)) ,3,1,TRUE)

49 print( ’ u3= ’ )
50 print(u3)

51 u=cbind(u1,u2 ,u3)

52 print( ’A= ’ )
53 print(V)

54 print( ’ * ’ )
55 print(t(sigmam))

56 print( ’ * ’ )
57 print(t(u))

R code Exa 7.13 13

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #App l i c a t i o n s to Image P r o c e s s i n g and S t a t i s t i c s
3 #Page No . 2 3 7 / 7−17
4 #Prob 1
5 #7 . 5 . 1
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 xv<-c(19,22,6,3,2,20,22,6,9,15,13,5)
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14 x=matrix(xv ,2,6,TRUE)

15 B=x

16 print(x)

17 M=matrix(c(12 ,10) ,2,1,TRUE)

18 print(M)

19 B[1,]=x[1,] - M[1]

20 B[2,]=x[2,] - M[2]

21 print(B)

22 #There i s a c a l c u l a t i o n e r r o r i n the t ex tbook
23 S1=B %*% t(B)

24 S=S1/(dim(B)[2]-1)

25 print(S)

R code Exa 7.14 14

1 #Chapter 7 − Symmetric Mat r i c e s And Quadrat i c Forms
2 #App l i c a t i o n s to Image P r o c e s s i n g and S t a t i s t i c s
3 #Page No . 2 3 7 / 7−17
4 #Prob 7
5 #7 . 5 . 7
6

7 #c l e a r c o n s o l e
8 cat(” \014 ”)
9

10 #c l e a r v a r i a b l e s
11 rm(list=ls(all=TRUE))

12

13 # Cons t r u c t i n g Quadrat i c Formula
14 result <- function(a,b,c){

15 if(delta(a,b,c) > 0){ # f i r s t c a s e D>0
16 x_1 = (-b+sqrt(delta(a,b,c)))/(2*a)

17 x_2 = (-b-sqrt(delta(a,b,c)))/(2*a)

18 result = c(x_1,x_2)

19 }

20 else if(delta(a,b,c) == 0){ # second ca s e D=0
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21 x = -b/(2*a)

22 }

23 else {”There a r e no r e a l r o o t s . ”} # th i r d c a s e D<0
24 }

25

26 # Cons t r u c t i n g d e l t a
27 delta <-function(a,b,c){

28 b^2-4*a*c

29 }

30

31 a <- result (1, -102 ,647)

32 print(a)

33 print( ’Two p o s s i b l e c h o i c e s f o r new v a r i a b l e a r e : ’ )
34 print( ’ y1=−.95x1+.32 x2 and ’ )
35 print( ’ y1=.95x1− .32 x2 ’ )
36 print( ’ v a r i a n c e o f y1 i s ’ )
37 print(a[1])

38 print( ’ t o t a l v a r i a n c e i s ’ )
39 print(a[1]+a[2])

40 print( ’ the new v a r i a b l e y1 e x p l a i n s about ’ )
41 print(a[1]/(a[1]+a[2]))

42 print( ’% o f the v a r i a n c e i n the data ’ )
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