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Chapter 1

Linear Systems

R code Exa 2.1 solution of system of linear equations

1 #Example 2 . 1 , chapte r1 , s e c t i o n 1 . 2 , page 13
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(2,1,3,0,-1,-1,1,-1,0),ncol =3)

12 b <- c(3,1,4)

13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1,2,-0.5)

15 Ab <- rowadd(Ab ,1,3,-1.5)

16 Ab <- rowadd(Ab ,2,3,-1)

17 Ab

18 #from the r e s u l t we can s e e tha t the system doe sno t
have a un ique s o l u t i o n .
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19 #We can r e p r e s e n t the s o l u t i o n s e t by r e p r e s e n t i n g
the v a r i a b l e s tha t l e a d ( x , y ) by the v a r i a b l e tha t
does not l e a d ( z ) .

20 #so s o l u t i o n s e t { ( ( 3 / 2)−(1/ 2) z , ( 1 / 2)−(3/ 2) z , z ) | z
b e l o n g s to R}

R code Exa 1.3 Solving Linear Systems

1 #Example 1 . 3
2 #S e c t i o n I . S o l v i n g L i n e a r Systems , page 3
3 A <- matrix(c(3,-1,2,1),ncol = 2)

4 b <- c(7,6)

5 x <- solve(A) %*% b

6 x

R code Exa 2.3 solution of system of linear equations

1 #Example 2 . 3 , chapte r1 , s e c t i o n 1 . 2 , page 13
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,0,3,0,1,1,0,-1,1,-1,6,1,-1,1,-6,-1),

ncol = 4)

12 b <- c(1,-1,6,1)

13 Ab <- cbind(A,b)
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14 Ab <- rowadd(Ab ,1,3,-3)

15 Ab <- rowadd(Ab ,2,3,3)

16 Ab <- rowadd(Ab ,2,4,1)

17 Ab

18 #from the reduced augmented matr ix Ab , we can s e e
tha t on ly x and y a r e l e a d i n g , w h i l e z and w ar e
f r e e .

19 #We r e p r e s e n t the s o l u t i o n s e t by e x p r e s s i n g the
l e a d i n g v a r i a b l e s i n terms o f the f r e e v a r i a b l e s

20 #The s o l u t i o n s e t : { (2 − 2 z + 2w,−1 + z − w, z ,w) | z ,w
b e l o n g s to R}

R code Exa 3.3 system of homogeneous equations

1 #Example 3 . 3 , s e c t i o n 1 . 3 , c h a p t e r 1 , page 24
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(3,2,4,-1),ncol = 2)

12 b <- c(3,1)

13 c <- c(0,0)

14 Ab <- cbind(A,b) # l i n e a r system
15 Ac <- cbind(A,c) #system o f homogeneous e q u a t i o n s
16 #r e d u c t i o n o f o r i g i n a l system
17 Ab <- rowadd(Ab ,1,2,-2/3)

18 #r e d u c t i o n o f homogeneous system
19 Ac <- rowadd(Ac ,1,2,-2/3)
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20 #comparing both
21 Ab

22 Ac

23 #Obvious ly the two r e d u c t i o n s go i n the same way .
24 #We can study how to r educe a l i n e a r sy s t ems by

i n s t e a d s t u d y i n g how to r educe the a s s o c i a t e d
homogeneous system .

R code Exa 1.4 Solving Linear Systems

1 #Example 1 . 4 , S e c t i o n I . S o l v i n g L i n e a r Systems
2 #page 3
3 #package used : mat l i b
4 #i n s t a l l a t i o n run command : i n s t a l l . package s (” mat l i b

”)
5 #package repo : h t t p s : // g i thub . com/ f r i e n d l y /mat l i b
6

7 #i n s t a l l i n g and l o a d i n g l i b r a r y
8 #i n s t a l l . package s (” mat l i b ”)
9 library(” mat l i b ”)
10

11 #program
12 A <- matrix(c(0,1,1/3,0,5,2,3,-2,0),ncol = 3,nrow =

3)

13 b <- c(9,2,3)

14 Ab <- cbind(A,b)

15 Ab <- rowswap(Ab ,1,3)

16 Ab <- rowmult(Ab ,1,3)

17 Ab <- rowmult(Ab ,1,-1)

18 Ab <- rowadd(Ab ,1,2,1)

19 Ab

20 #from Ab (X3=3) ( s i n c e drom row3 , 3 *X3=9)
21 #from Ab row2 −1*X2−2*x3=−7, so X2=1
22 #from Ab row1 X1+6*x2 =9 , so X1 = 3
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R code Exa 2.5 finding the type of solution set of a system of linear equa-
tion

1 #Example 2 . 5 , s e c t i o n 1 . 2 , page 15
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,3,2,0,2,0,1,1,0,0,-1),ncol = 4)

12 b <- c(1,2,4)

13 Ab <- cbind(A,b) #augmented matr ix
14 Ab <- rowadd(Ab ,1,2,-2)

15 Ab <- rowadd(Ab ,1,3,-3)

16 Ab <- rowadd(Ab ,2,3,-1)

17 Ab

18 #The l e a d i n g v a r i a b l e s a r e x , y , and w. The v a r i a b l e
z i s f r e e .

19 #al though t h e r e a r e i n f i n i t e l y many s o l u t i o n s , the
v a l u e o f w doesn ’ t vary but i s c o n s t a n t w = −1.

R code Exa 3.5 gauss method to reduce system of linear equations

1 #Example 3 . 5 , c h a p t e r 1 , s e c t i o n 1 . 3 , page 25
2 #package used mat l i b v0 . 9 . 1
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3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”
mat l i b ”)

4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(7,8,0,0,0,1,1,3,-7,-5,-3,-6,0,-2,0,-1)

,ncol =4)

12 b <- c(0,0,0,0)

13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1,2,-8/7)

15 Ab <- rowadd(Ab ,2,3,-1)

16 Ab <- rowadd(Ab ,2,4,-3)

17 Ab <- rowadd(Ab ,3,4,-5/2)

18 Ab

R code Exa 1.7 solution of system of linear equations

1 #Example 1 . 7 , page nO: 5
2 #package used : mat l i b
3 #i n s t a l l a t i o n run command : i n s t a l l . package s (” mat l i b

”)
4 #package repo : h t t p s : // g i thub . com/ f r i e n d l y /mat l i b
5

6 #i n s t a l l i n g and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,1,1,-1,-2,0,3,-1),ncol = 3)

12 b <- c(0,3,3)
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13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1,2,-2)

15 Ab <- rowadd(Ab ,1,3,-1)

16 Ab <- rowadd(Ab ,2,3,-1)

17 Ab

18 #from row3 : −4z =0 , so z=0
19 #from row2 : −3y+3z =3 , so y=−1
20 #from row1 : x+y=0 , so x=1

R code Exa 2.7 solution of system of linear equations

1 #Example 2 . 7 , c h a p t e r one , s e c t i o n 1 . 2 , page 16
2 #package used : mat l i b
3 #i n s t a l l a t i o n run command : i n s t a l l . package s (” mat l i b

”)
4 #package repo : h t t p s : // g i thub . com/ f r i e n d l y /mat l i b
5

6 #i n s t a l l i n g and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,0,1,2,1,0,0,-1,2),ncol = 3)

12 b <- c(4,0,4)

13 #c r e a t i n g augmented matr ix
14 Ab <- cbind(A,b)

15 Ab

16 #a p p l y i n g r e d u c t i o n t e c h n i q u e s
17 Ab <- rowadd(Ab ,1,3,-1)

18 Ab <- rowadd(Ab ,2,3,2)

19 Ab

20 #second row : y−z=0
21 #f i r s t row : x+2*y=4
22 #so s o l u t i o n s e t i s : {(4−2* z = 0) }
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R code Exa 1.8 solution of system of linear equations

1 #Example 1 . 8 , page 5
2 #package used : mat l i b
3 #i n s t a l l a t i o n run command : i n s t a l l . package s (” mat l i b

”)
4 #package repo : h t t p s : // g i thub . com/ f r i e n d l y /mat l i b
5

6 #i n s t a l l i n g and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(40,-50,15,25),ncol = 2)

12 b <- c(100 ,50)

13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1 ,2 ,1.25)

15 Ab

16 #from row2 : 4 3 . 7 5 c = 175 , so c= 4
17 #from row1 : 40h+15c =100 , so h=1

R code Exa 1.9 gauss method to reduce system of linear equations

1 #Example 1 . 9 , c h a p t e r 1 l i n e a r sy s t ems page 6
2 #Example showing gaus s method to r educe g i v e n system

o f l i n e a r e q u a t i o n s
3 #package used mat l i b v0 . 9 . 1
4 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
5 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
6
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7 #i n s t a l l i n g and l o a d i n g l i b r a r y
8 #i n s t a l l . package s (” mat l i b ”)
9 library(” mat l i b ”)
10

11 #program
12 A <- matrix(c(1,2,3,1,4,6,1,-3,-5),ncol = 3)

13 b <-c(9,1,0)

14 Ab <- cbind(A,b)

15 Ab <-rowadd(Ab ,1,2,-2)

16 Ab <-rowadd(Ab ,1,3,-3)

17 Ab <-rowadd(Ab ,2,3,-(3/2))

18 Ab

19 #from Ab row3 : z=3
20 #from Ab row2 : y=−1
21 #from Ab row1 : x=7

R code Exa 1.11 gauss method to reduce system of linear equations

1 #Example 1 . 1 1 , page 6
2 #package used : mat l i b
3 #i n s t a l l a t i o n run command : i n s t a l l . package s (” mat l i b

”)
4 #package repo : h t t p s : // g i thub . com/ f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,0,0,-1,-2,1,0,0,1,0,2,0,2,1,1),

ncol =4)

12 b <- c(0,4,0,5)

13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1,2,-1)

15 Ab <- rowswap(Ab ,2,3)
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16 Ab <- rowadd(Ab ,3,4,-2)

17 Ab

18 #Back−s u b s t i t u t i o n g i v e s w = 1 , z = 2 , y = −1, and
x = −1.

R code Exa 1.12 gaussian elimination technique

1 #Example 1 . 1 2 S e c t i o n I . S o l v i n g L i n e a r Systems
page7

2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l i n g and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,2,3,1,2),ncol = 2)

12 b <- c(1,-3,-2)

13 #f o r t h i s problem we cannot use normal method
because the number o f e q u a t i o n s i s more than
number o f v a r i a b l e s

14 #so we use g a u s s i a n e l i m i n a t i o n t e c h n i q u e .
15 gaussianElimination(A, b, tol = sqrt(. Machine$double

.eps), verbose = FALSE ,

16 latex = FALSE , fractions = FALSE

)

17 # r e s u l t shows tha t one o f the e q u a t i o n s i s
redundant , h e r e x=−2,y=1
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R code Exa 2.12 vector addition

1 #Example 2 . 1 2 , s e c t i o n 1 . 2 , c h a p t e r 1 , page 1 8 .
2 #v e c t o r a d d i t i o n
3 a <- c(2,3,1)

4 b <- c(3,-1,4)

5 a+b

6 c <- c(1,4,-1,-3)

7 7*c

R code Exa 1.13 solution of system of linear equations

1 #Example 1 . 1 3 , page 7
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,2,3,1,2),ncol = 2)

12 b <- c(1,-3,0)

13 Ab <- cbind(A,b)

14 Ab <- rowadd(Ab ,1,2,-2)

15 Ab <- rowadd(Ab ,1,3,-2)

16 Ab <- rowadd(Ab ,2,3,-(4/5))

17 Ab

18 #the e c h e l o n form shows tha t the system i s
i n c o n s i s t e n t , hence the s o l u t i o n s e t i s empty

16



Chapter 2

Vector Spaces

R code Exa 3.2 Linear Independence

1 #Example 3 . 2 , S e c t i o n I I I . B a s i s and Dimension , page
127

2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(2,4,3,6),ncol = 2)

12 #Rowspace (A) i s t h i s subspace o f the space o f two−
component row v e c t o r s

13 #{ c1 . ( 2 3) + c2 . ( 4 6) | c1 , c2 b e l o n g s to R}
14 #s i m p l i f y i n g A
15 A <- rowadd(A,1,2,-2)

16 A

17 #From the s i m p l i f i e d matr ix , the second row v e c t o r i s

17



l i n e a r l y dependent on the f i r s t and so we can
s i m p l i f y the above d e s c r i p t i o n to

18 #{ c . ( 2 3) | c b e l o n g s to R}

R code Exa 3.5 Basis for the column space of the given matrix

1 #Example 3 . 5 , S e c t i o n I I I . B a s i s and Dimension , page
128

2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,1,2,3,4,0,1,1,5),ncol = 3)

12 #From any matr ix , we can produce a b a s i s f o r the row
space by

13 #p e r f o r m i n g Gauss ’ s Method and t a k i n g the nonze ro
rows o f the r e s u l t i n g e c h e l o n form matr ix

14 #s i m p l i f y i n g to e c h e l o n form
15 A <- rowadd(A,1,2,-1)

16 A <- rowadd(A,1,3,-2)

17 A <- rowadd(A,2,3,6)

18 A

19 #on s i m p l i f i c a t i o n : p roduce s the b a s i s h (1 3 1) ; (0 1
0) ; (0 0 3) i f o r the row space . This i s a b a s i s

20 #f o r the row space o f both the s t a r t i n g and end ing
mat r i c e s , s i n c e the two row s p a c e s a r e e q u a l .
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R code Exa 1.6 Linear Independence

1 #Chapter 2 .
2 #S e c t i o n I I . L i n e a r Independence
3 #Example 1 . 6 , page 103
4 #package used mat l i b v0 . 9 . 1
5 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
6 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
7

8 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
9 #i n s t a l l . package s (” mat l i b ”)

10 library(” mat l i b ”)
11

12 #program
13 #c1 (40 15) + c2 (−50 25) = (0 0) , check i f { (40 15)

,(−50 25) } i s l i n e a r l y independent
14 A <- matrix(c(40,15,-50,25),ncol = 2)

15 b <- c(0,0)

16 Ab <- cbind(A,b)

17 Ab <- rowadd(Ab ,1,2,-15/40)

18 Ab

19 #from Ab , Both c1 and c2 a r e z e r o . So the on ly l i n e a r
r e l a t i o n s h i p between the two g i v e n row v e c t o r s

i s the t r i v i a l r e l a t i o n s h i p .

R code Exa 3.7 Basis for the column space of the given matrix

1 #Example 3 . 7 , S e c t i o n I I I . B a s i s and Dimension , page
129

2 #package used mat l i b v0 . 9 . 1
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3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”
mat l i b ”)

4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(1,2,0,4,3,3,1,0,7,8,2,4),ncol = 3)

12 #to ge t a b a s i s f o r the column space , t e m p o r a r i l y
turn the columns i n t o rows and reduce .

13 A <- t(A)

14 A <- rowadd(A,1,2,-3)

15 A <- rowadd(A,1,3,-7)

16 A <- rowadd(A,2,3,-2)

17 #Now turn the rows back to columns
18 A <- t(A)

19 A

20 #The r e s u l t i s a b a s i s f o r the column space o f the
g i v e n matr ix .

R code Exa 1.9 Linear Independence

1 #Chapter 2 .
2 #S e c t i o n I I . L i n e a r Independence
3 #Example 1 . 9 , page 104
4 v1 <- c(3,4,5)

5 v2 <- c(2,9,2)

6 v3 <- c(4,18,4)

7 (0*v1)+(2*v2)-1*v3

8 #the s e t S = {v1 , v2 , v3} i s l i n e a r l y dependent
because t h i s i s a r e l a t i o n s h i p where not a l l o f
the s c a l a r s a r e z e r o
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R code Exa 3.9 Finding a basis for the given span

1 #Example 3 . 5 , S e c t i o n I I I . B a s i s and Dimension , page
130

2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 #To g e t a b a s i s f o r the span o f {xˆ2 + x ˆ4 ,2 xˆ2 + 3x

ˆ4 ,−xˆ2 − 3xˆ4 } i n the space row4
12 A <- matrix(c(0,0,0,0,0,0,1,2,-1,0,0,0,1,3,-3),ncol

= 5,nrow = 3)

13 #a p p l y i n g gaus s method
14 A <- rowadd(A,1,2,-2)

15 A <- rowadd(A,1,3,1)

16 A <- rowadd(A,2,3,2)

17 A

18 #we ge t the b a s i s ( xˆ2 + x ˆ4 , x ˆ4)

R code Exa 3.10 finding basis from reduced echelon form

1 #Example 3 . 1 0 , S e c t i o n I I I . B a s i s and Dimension , page
131

2 #package used pracma
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3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”
pracma ”)

4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” pracma ”)
7 library(” pracma ”)
8

9 #program
10 A <- matrix(c(1,2,1,3,6,3,1,3,1,6,16,6),ncol = 4,

nrow = 3)

11 #f i n d i n g row reduced e c h e l o n form (” u s i n g gauss−
j o rd a n r e d u c t i o n ”)

12 rref(A)

13 #Thus , f o r a reduced e c h e l o n form matr ix we can f i n d
b a s e s f o r the row and column s p a c e s i n

e s s e n t i a l l y the same way , by t a k i n g the p a r t s o f
the matr ix , the rows or columns , c o n t a i n i n g the
l e a d i n g e n t r i e s .

R code Exa 1.16 finding the coordinates of that vector with respect to the
basis

1 #Example 1 . 1 6 , S e c t i o n I I I . B a s i s and Dimension , page
118

2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
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11 v <- c(3,2)

12 A <- matrix(c(1,1,0,2),ncol = 2)

13 Av <- cbind(A,v)

14 Av <- echelon(A,v,reduced = TRUE)

15 Av

16 #from Av , c1 = 3 and c2 = −1=2.
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Chapter 3

Maps Between Spaces

R code Exa 1.1 correspondence between vectors

1 #Example 1 . 1 , S e c t i o n I . page 166
2 a <- c(1,2)

3 a <-t(a) #a becomes row v e c t o r
4 b <-t(a) #b becomes column v e c t o r
5 c <-c(3,4)

6 c <-t(c)

7 d <-t(c)

8 a+c

9 b+d

10 #t h e s e c o r r e s p o n d i n g v e c t o r s add to c o r r e s p o n d i n g
t o t a l s

11 5*a

12 5*b

13 #c o r r e s p o n d e n c e r e s p e c t i n g s c a l a r m u l t i p l i c a t i o n

R code Exa 4.1.1 Matrix Operations

1 #Example1 . 1 , s e c t i o n IV : Matr ix Operat ions , chapte r3 ,
page 224
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2 #Let f : V −> W be a l i n e a r f u n c t i o n r e p r e s e n t e d
with r e s p e c t to some b a s e s by t h i s matr ix .

3 f <- matrix(c(1,1,0,1),ncol = 2)

4 #f i n d the map tha t i s the s c a l a r m u l t i p l e 5 f : V −> W
.

5 5*f

6 #Changing from the map f to the map 5 f has the
e f f e c t on the r e p r e s e n t a t i o n o f the output v e c t o r

o f m u l t i p l y i n g each e n t r y by 5 .
7 #There f o r e , go ing from the matr ix r e p r e s e n t i n g f to

the one r e p r e s e n t i n g 5 f means m u l t i p l y i n g a l l the
matr ix e n t r i e s by 5 .

R code Exa 4.1.2 Matrix Operations

1 #Example1 . 2 , s e c t i o n IV : Matr ix Operat ions , chapte r3 ,
page 225

2 f <- matrix(c(1,2,3,0),ncol = 2)

3 g <- matrix(c(-2,2,-1,4),ncol = 2)

4 #two l i n e a r maps with the same domain and codomain f
; g : Rˆ2 −> Rˆ2 a r e r e p r e s e n t e d with r e s p e c t to
b a s e s B and D by t h e s e m a t r i c e s .

5 #f i n d e f f e c t o f f + g on the map
6 f+g

7 #i f f does v −> u and g does v −> w then f + g i s
the f u n c t i o n whose a c t i o n i s v −> u + w.

R code Exa 3.1.11 Computing linear maps

1 #Example1 . 1 1 , s e c t i o n I I I : Computing l i n e a r maps ,
chapte r3 , page 211

2 a <- matrix(c(1,2,0,0,-1,3),ncol =3)

3 b <- c(2,-1,1)
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4 a %*% b

5 #the above r e s u l t can a l s o be o b t a i n e d by the method
6 x <- matrix(c(1,2),ncol = 1)

7 y <- matrix(c(0,0),ncol = 1)

8 z <- matrix(c(-1,3),ncol = 1)

9 #s p l i t t i n g the matr ix a i n t o component columns and
now m u l t i p l y i n g

10 2*x-1*y+1*z

11 #we s e e tha t both methods a r e e q u a l .

R code Exa 4.2.4 Matrix Operations

1 #Example2 . 4 , s e c t i o n IV : Matr ix Operat ions , chapte r3 ,
page 229

2 A <- matrix(c(2,4,8,0,6,2),ncol = 2)

3 B <- matrix(c(1,5,3,7),ncol = 2)

4 A %*% B

R code Exa 4.2.5 Matrix Operations

1 #Example2 . 5 , s e c t i o n IV : Matr ix Operat ions , chapte r3 ,
page 229

2 A <- matrix(c(1,3,2,4),ncol = 2)

3 B <- matrix(c(-1,2,0,-2),ncol =2)

4 A %*% B

R code Exa 4.2.6 Matrix Operations

1 #Example2 . 6 , s e c t i o n IV : Matr ix Operat ions , chapte r3 ,
page 230
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2 A <- matrix(c(1,0,1,1,1,0),ncol =2)

3 B <- matrix(c(4,5,6,7,8,9,2,3),ncol = 4)

4 A %*% B

R code Exa 4.3.15 Mechanics of Matrix Multiplication

1 #Example3 . 1 5 , s e c t i o n IV . 3 : Mechanics o f Matr ix
M u l t i p l i c a t i o n , chapte r3 , page 241

2 #A permutat ion matr ix i s s qua r e and i s a l l 0 ’ s
e x c e p t f o r a s i n g l e 1 i n each row and column .

3 A <- matrix(c(0,1,0,0,0,1,1,0,0),ncol = 3) #
permutat i on matr ix

4 B <- matrix(c(1,4,7,2,5,8,3,6,9),ncol = 3)

5 #From the l e f t t h e s e m a t r i c e s permute rows .
6 A %*% B

7 #From the r i g h t they permute columns .
8 B %*% A

R code Exa 4.4.9 Inverses

1 #Example4 . 9 , s e c t i o n IV . 4 : I n v e r s e s , chapte r3 , page 251
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 # Augmented matr ix
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12 A <- matrix(c(0,1,1,3,0,-1,-1,1,0),ncol = 3)

13 B <- matrix(c(1,0,0,0,1,0,0,0,1),ncol = 3)

14 AB <- cbind(A,B)

15 echelon(A,B)

R code Exa 2.5 Computing linear maps

1 #Example2 . 5 , s e c t i o n I I I : Computing l i n e a r maps ,
chapte r3 , page 218

2 #package used pracma
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

pracma ”)
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” pracma ”)
7 library(” pracma ”)
8

9 #program
10 A <- matrix(c(1,1,0,0,2,2,0,0,2,1,3,2),ncol = 3)

11 Rank(A)

12 #Any map r e p r e s e n t e d by above matr ix must have th re e
−d i m e n s i o n a l domain and a four−d i m e n s i o n a l
codomain .

13 #S i n c e the rank o f t h i s matr ix i s found to be 2 by
above code ;

14 #Any map r e p r e s e n t e d by t h i s matr ix has a two−
d i m e n s i o n a l range space .

R code Exa 1.9 automorphism

1 #Example 1 . 9 , S e c t i o n I . page 170
2 #space P5 o f p o l y n o m i a l s o f d e g r e e 5 or l e s s and the

map f tha t s ends a po lynomia l p ( x ) to p ( x − 1) .
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3 #under t h i s map xˆ2 −>(x−1)ˆ2 = xˆ2−2x+1 and xˆ3+2x
−> ( x−1)ˆ3+2(x−1) = xˆ3−3xˆ2+5x−3.

4 curve(x^2,from = -1000,to =1000)

5 curve((x-1)^2,from = -1000,to =1000)

6 curve(x^3,from = -1000,to =1000)

7 curve((x-1)^3,from = -1000,to =1000)

8 #from t h e s e p l o t s we can say tha t t h i s map i s an
automorphism o f t h i s space .

R code Exa 2.10 Computing linear maps

1 #Example2 . 1 0 , s e c t i o n I I I : Computing l i n e a r maps ,
chapte r3 , page 219

2 #package used pracma
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

pracma ”)
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” pracma ”)
7 library(” pracma ”)
8

9 #program
10 A <- matrix(c(1,0,2,3),ncol = 2)

11 Rank(A)

12 #Any map from Rˆ2 to P1 r e p r e s e n t e d with r e s p e c t to
any p a i r o f b a s e s by the above matr ix ;

13 #i s n o n s i n g u l a r because t h i s matr ix has rank two .

R code Exa 1.11 value of h on the basis vectors

1 #Example 1 . 1 1 , S e c t i o n I I . page 186
2 #g i v e n map : h ( 1 , 0 ) =(−1 ,1) and h ( 0 , 1 ) =(−4 ,4)
3 #h (3 ,−2)=h (3 * ( 1 , 0 )−2* ( 0 , 1 ) )=3*h ( 1 , 0 )−2*h ( 0 , 1 )
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4 a <- c(-1,1) # h ( 1 , 0 )
5 b <- c(-4,4) # h ( 0 , 1 )
6 3*a-2*b

7 #the v a l u e o f h on t h i s argument i s a d i r e c t
con s equence o f the v a l u e o f h on the b a s i s
v e c t o r s .

R code Exa 2.11 Computing linear maps

1 #Example2 . 1 1 , s e c t i o n I I I : Computing l i n e a r maps ,
chapte r3 , page 220

2 A <- matrix(c(1,3,2,6),ncol =2)

3 det(A)

4 #map g : V −> W r e p r e s e n t e d by above matr ix i s
s i n g u l a r because t h i s matr ix i s s i n g u l a r .
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Chapter 4

Determinants

R code Exa 3.1 Determinants

1 #Example3 . 1 , chapte r4 , s e c t i o n 1 , page 329
2 X <- matrix(c(4,-2,2,6),ncol = 2)

3 #s c a l a r s come out o f each row s e p a r a t e l y , not from
the e n t i r e matr ix at once .

4 #so X w i l l become
5 A <- matrix(c(2,-1,1,3),ncol = 2)

6 #with s c a l a r s 2 & 2 coming out o f rows 1 and 2
r e s p e c t i v e l y

7 c <- det(X)

8 d <- 4*det(A)

9 all.equal(c,d)

R code Exa 1.4 Laplace Formula to find determinant

1 #Example 1 . 4 , c h a p t e r 4 , S e c t i o n I I I . Laplace ’ s
Formula , page 354

2 #package used mat l i b v0 . 9 . 1 and pracma
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
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4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8

9 #program
10 T <- matrix(c(1,4,7,2,5,8,3,6,9),ncol = 3)

11 T12 <- cofactor(T,1,2)

12 T22 <- cofactor(T,2,2)

13 T12

14 T22

R code Exa 3.4 Determinants

1 #Example3 . 4 , c h a p t e r 4 , page 330
2 A <- matrix(c(2,4,1,3),ncol = 2)

3 #u s i n g m u l t i n l i n e a r i t y p r o p e r t y to break up the
matr ix

4 a <- matrix(c(2,4,0,0),ncol = 2)

5 b <- matrix(c(2,0,0,3),ncol = 2)

6 c <- matrix(c(0,4,1,0),ncol = 2)

7 d <- matrix(c(0,0,1,3),ncol = 2)

8 #v e r i f y i n g the p r o p e r t y
9 x <- det(A)

10 y <- det(a)+det(b)+det(c)+det(d)

11 all.equal(x,y)

R code Exa 2.5 Determinants

1 #Example 2 . 5 , chapte r4 , S e c t i o n I . D e f i n i t i o n , page 325
2 #package used mat l i b v0 . 9 . 1
3 #i n s t a l l package u s i n g command : i n s t a l l . package s (”

mat l i b ”)
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4 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
5

6 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
7 #i n s t a l l . package s (” mat l i b ”)
8 library(” mat l i b ”)
9

10 #program
11 A <- matrix(c(2,4,0,2,4,-3,6,3,5),ncol =3)

12 b <- det(A)

13 #dete rminant by normal , ethod
14 A <- rowadd(A,1,2,-2)

15 A <- rowswap(A,2,3)

16 A

17 #r e d u c i n g with g a u s s i a n r e d u c t i o n now m u l t i p l y i n g
the d i a g o n a l terms , k e ep ing i n mind the s i g n
change due to row swap to f i n d de t e rminant .

18 c <- -1*A[1,1]*A[2,2]*A[3,3]

19 all.equal(b,c)

20 #so the de t e rminant by both t e c h n i q u e s a r e the same

R code Exa 1.6 Laplace Formula to find determinant

1 #Example 1 . 6 , c h a p t e r 4 , S e c t i o n I I I . Laplace ’ s
Formula , page 355\

2 #package used mat l i b v0 . 9 . 1 and pracma
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8

9 #program
10 t <- matrix(c(1,4,7,2,5,8,3,6,9),ncol = 3)
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11 x <- det(t)

12 #computing the de t e rminant by expanding a l ong the
f i r s t row ,

13 y <- t[1,1]*cofactor(t,1,1)+t[1,2]*cofactor(t,1,2)+t

[1,3]*cofactor(t,1,3)

14 #computing the de t e rminant by expanding a l ong the
second row ,

15 z <- t[2,1]*cofactor(t,2,1)+t[2,2]*cofactor(t,2,2)+t

[2,3]*cofactor(t,2,3)

16 all.equal(x,y)

17 all.equal(x,z)

R code Exa 2.6 Determinants

1 #Example 2 . 6 , chapte r4 , S e c t i o n I . D e f i n i t i o n , page 326
2 #package used mat l i b v0 . 9 . 1 and pracma
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8

9 #program
10 A <- matrix(c(1,0,0,0,0,1,0,1,1,1,0,0,3,4,5,1),ncol

= 4)

11 A <- rowadd(A,2,4,-1)

12 A <- rowswap(A,3,4)

13 A

14 #m u l t i p l y i n g d i a g o n a l terms and m u l t i p l y i n g i t with
−1 to compensate f o r rowswap

15 -1*A[1,1]*A[2,2]*A[3,3]*A[4,4]
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R code Exa 1.7 Laplace Formula to find determinant

1 #Example 1 . 7 , c h a p t e r 4 , S e c t i o n I I I . Laplace ’ s
Formula , page 355

2 #package used mat l i b v0 . 9 . 1 and pracma
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8

9 #program
10 t <- matrix(c(1,2,3,5,1,-1,0,1,0),ncol = 3)

11 #computing the de t e rminant by expanding a l ong the
t h i r d column .

12 y <- t[1,3]*cofactor(t,1,3)+t[2,3]*cofactor(t,2,3)+t

[3,3]*cofactor(t,3,3)

13 y

R code Exa 1.10 Laplace Formula to find inverse

1 #Example 1 . 1 0 , c h a p t e r 4 , S e c t i o n I I I . Laplace ’ s
Formula , page 356

2 #package used mat l i b v0 . 9 . 1 and pracma
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8

9 #program
10 t <- matrix(c(1,2,1,0,1,0,4,-1,1),ncol = 3)

11 #f i n d i n g i n v e r s e : i f T has an i n v e r s e , i f |T | != 0 ,
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then Tˆ−1 = (1 / |T | ) ad j (T)
12 a <- adjoint(t)

13 b <- 1/det(t)

14 i <- b*a

15 i
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Chapter 5

Similarity

R code Exa 2.2 Complex Vector Spaces

1 #Example 2 . 2 , c h a p t e r 5 , S e c t i o n I . Complex Vector
Spaces , page 387

2 a <- complex(real = 1,imaginary = 1)

3 b <- complex(real = 0,imaginary = 1)

4 c <- complex(real = 2,imaginary = -0)

5 d <- complex(real = -2,imaginary = 3)

6 e <- complex(real = 1,imaginary = 0)

7 f <- complex(real = 0,imaginary = 3)

8 g <- complex(real = 1,imaginary = -0)

9 h <- complex(real = 0,imaginary = -1)

10 A <- matrix(c(a,b,c,d),ncol = 2)

11 B <- matrix(c(e,f,g,h),ncol = 2)

12 A %*% B

R code Exa 2.2.2 Checking if matrix is diagonalizable

1 #Example 2 . 2 , c h a p t e r 5 , s e c t i o n I I . 2
D i a g o n a l i z a b i l i t y , page 393
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2 #matr ix : T i s d i a g o n a l i z a b l e i f t h e r e i s a
n o n s i n g u l a r P such tha t PTP−1 i s d i a g o n a l .

3 T <- matrix(c(4,1,-2,1),ncol = 2)

4 P <- matrix(c(-1,1,2,-1),ncol = 2)

5 #c h e c k i n g whether d i a g o n i z a b l e
6 P %*% T %*% Inverse(P) # d i a g o n a l matr ix
7 # so matr ix P i s d i a g o n i z a b l e

R code Exa 1.3 Similar Matrix

1 #Example 1 . 3 , c h a p t e r 5 , S e c t i o n I I . S i m i l a r i t y , page
390

2 #package used mat l i b v0 . 9 . 1
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8 P <- matrix(c(2,1,1,1),ncol = 2)

9 T <- matrix(c(2,1,-3,-1),ncol = 2)

10 #f i n d i n g s i m i l a r matr ix o f T
11 T1 <- P %*% T %*% Inverse(P)

12 T1

R code Exa 2.4 finding null spaces

1 #Example 2 . 4 , c h a p t e r 5 , s e c t i o n IV . 2 , page 432
2 #package used pracma v1 . 9 . 9
3 #i n s t a l l i n g and l o a d i n g l i b r a r y
4 #i n s t a l l . package s (” pracma ”)
5 library(” pracma ”)
6 T <- matrix(c(2,1,-1,4),ncol =2)
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7 a <- eigen(T)

8 a$values

9 #so T has on ly the s i n g l e e i g e n v a l u e 3 .
10 I <- matrix(c(1,0,0,1),ncol = 2)

11 T-(3*I)

12 # so f o r t h i s , the on ly e i g e n v a l u e i s 0 and T −3I i s
n i l p o t e n t .

13 #to e a s e t h i s computat ion we f i n d n u l s p a c e s
14 x <- nullspace(T)

15 x

R code Exa 3.6 Eigenvalues and Eigenvectors

1 #Example3 . 6 , c h a p t e r 5 , s e c t i o n I I . 3 E i g e n v a l u e s and
E i g e n v e c t o r s , page 398

2 T <- matrix(c(2,0,0,0),ncol = 2)

3 a <-eigen(T)

4 a$values

5 a$vectors

R code Exa 2.10 Nilpotent matrix

1 #Example 2 . 1 0 , c h a p t e r 5 , s c e t i o n I I I . 2 , page 414
2 #package used mat l i b v0 . 9 . 1
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8 N <- matrix(c(0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0),ncol

=4)
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9 P <- matrix(c(1,0,1,0,0,2,1,0,1,1,1,0,0,0,0,1),ncol

= 4)

10 A <- P %*% N %*% Inverse(P)

11 A

12 #The new matr ix ,A i s n i l p o t e n t ; i t s f o u r t h power i s
the z e r o matr ix .

13 x <- P %*% N^4 %*% Inverse(P)

14 #s i n c e (PNPˆ−1) ˆ4 = P * Nˆ4 *Pˆ−1
15 y <- det(x)

16 all.equal(y,0)

R code Exa 2.17 Nilpotence index

1 #Example 2 . 1 7 , c h a p t e r 5 , s c e t i o n I I I . 2 , page 419
2 #package used mat l i b v0 . 9 . 1
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8 M <- matrix(c(1,1,-1,-1),ncol = 2)

9 #f i n d i n g n i l p o t e n t index
10 A <- matrix(c(0,0,0,0),ncol = 2)

11 count <- 1

12 Y <- M

13 repeat{

14 Y <- Y %*% M

15 if (all.equal(Y,A)){

16 print(count +1)

17 break()

18 }

19 count= count+1

20 }
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R code Exa 2.18 nilpotence index

1 #Example 2 . 1 8 , c h a p t e r 5 , s c e t i o n I I I . 2 , page 420
2 #package used mat l i b v0 . 9 . 1
3 #Github r e p o s i o r y o f mat l i b : h t t p s : // g i thub . com/

f r i e n d l y /mat l i b
4

5 #i n s t a l l a t i o n and l o a d i n g l i b r a r y
6 #i n s t a l l . package s (” mat l i b ”)
7 library(” mat l i b ”)
8 M <- matrix(c

(0,1,-1,0,1,0,0,1,1,0,0,0,1,0,-1,0,0,-1,0,1,0,0,1,0,-1)

,ncol = 5)

9 #f i n d i n g n i l p o t e n t index
10 A <- matrix(c(0),ncol = 5,nrow = 5)

11 count <- 1

12 Y <- M

13 repeat{

14 Y <- Y %*% M

15 if (all.equal(Y,A)== TRUE){

16 print(count +1)

17 break()

18 }

19 count=count +1

20 }

R code Exa 3.19 Eigenvalues and Eigenvectors

1 #Example3 . 1 9 , c h a p t e r 5 , s e c t i o n I I . 3 E i g e n v a l u e s and
E i g e n v e c t o r s , page 404

2 T <- matrix(c(2,0,-4,-2,1,8,2,1,3),ncol = 3)

3 a <- eigen(T)
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4 a$values
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